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This module is the final product in a series of drafts, revisions and field tests conducted during 1999. Enhancing
the usefulness of this booklet is the plethora of wonderful samples of student work that appear under the
heading "WHAT YOU MIGHT SEE.” For these samples we are deeply indebted to the Grade 7 and 8
students of the following teachers:

West Humber Junior Middle School Don Mills Middle School Norseman Junior Middle School
Toronto District School Board Toronto District School Board Toronto District School Board
Erin Altosaar Graham Beer Jason Johnston

Marcia Schantz

We wish to thank these excellent teachers and their students for their invaluable contribution to this resource.
Mike Wierzba and Barry Scully served as the liaisons who conducted the field tests, gathering information from
students and teachers and providing insightful suggestions regarding the scoring guides, the activities, and the
content of this module.

We acknowledge a substantial debt to the following members tingbesct Mathcadre of trainers who made
important suggestions for improvements to the activities and the scoring guides to facilitate their use by teachers
and strengthen their use as aids to report card preparation (see pp. 94-95).

Katie Branovacki Trevor Brown Jeri Lunney André Mailloux Pat Margerm
Lee MPMenemy Laura Romano Caroline Rosenbloom Jan Scully Emilia Veltri

In addition to their contribution noted above, Trevor Brown and Ledaviemy for this module in particular,
suggested some modifications to the activities that have significantly enhanced the final product.

A special debt of gratitude is owed to friend and colleague Ed Barbeau of the Mathematics Department at the

University of Toronto whose useful suggestions and encyclopedic knowledge have embellished several modules.
In the Geometry module, in particular, he provided the reference to Fagnano’s Theorem and suggested that we
encourage exceptional students to apply their knowledge of algebra to proving Euler’s Theorem for prisms and

pyramids (se&eometry & Spatial Senge 37).

The creation of such a document as this involves many stages of revision, rewriting, and reorganization, carrying
with it a multitude of opportunities for errors. We are eternally grateful to Rosemary Tanner’s sharp eye and
expert editorial skills for the many errors and omissions that she purged from the manuscript at each stage.
Rosemary also raised several queries that challenged us to double-check our research and our sources.
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the elementary school mathematics curriculum for Ontario. New expectations for

student learning require the teaching of new mathematical topics as well as a shift in emphasis
of content previously taught. In particular, the new document reflects the growing need for students
to expand their skills in processing information, managing data, problem solving, and using technology
to achieve these ends. While there is a reduced attention to rehearsing rote skills, such as long division
with large divisors or extraction of roots by the formal method, there is a reaffirmation of the need for
students to master the multiplication tables and fundamental pencil-and-paper skills that underpin
arithmetic facility. Such skills are intended to support the intelligent use of technology in performing
complex computations of the type that arise in so-called “real-world” contexts.

The Ontario Curriculum, Grades 1- 8: Mathematiéssued in 1997, has redefined

Implicit in this document is the demand for new or revised methods of instruction and assessment.
Educational research of the past twenty years has mounted a compelling argument for a knowledge-
building approach to instruction (see page 9) that reduces the role of the teacher as purveyor of
information and enhances the teacher’s role as facilitator of learning. With this shift in instructional
methodology comes a corresponding demand for change in methods of assessment (see pp. 10 — 12).

The call for such changes in curriculum, instruction, and assessment has created a need for teachers of
grades seven and eight to plan new programs in mathematics from the plethora of print and electronic
resources currently availableSince most of these teachers are responsible for many subject areas in
addition to mathematics, the consolidation of these materials into a set of coherent lessons is daunting.
To support teachers in this quest, the Ministry of Education and Training has commissioned a set of
five modules (of which this is one) that gather together many of the extant resources in a single
reference package. Each module addresses one of the five strands in the new curriculum.

Though they address different content strands, all modules have the same format. Part | outlines the
rationale underpinning the ideas and activities developed in the module. Part Il provides a brief
instruction for teachers on the new content or approaches in that strand. Part 11l provides a set of four
sample activities for Grade 7. (Included in each activity is a 2-page template identi§adiast

Pages To avoid excessive photocopying, it is recommended that you make one class set of these
materials and laminate them. Then distribute to the students as needed, having them record responses
in their notebooks.) Together these four activities constitute an authentic task designed to consolidate
and extend earlier developmental activities. This unit is intended to model the instructional and
assessment philosophies discussed in Pdtti$. not intended to cover the entire content of the

strand, nor to replace any resources presently used, but rather to supplement the current
program. Included in Part Il under the heading “What You Might See” are samples of student work,
classified by achievement level, and presented opposite a rubric that will help you assess the work of
your students. Part IV parallels Part Ill, except it is keyed to the Grade 8 unit. However, it is
recommended that all teachers familiarize themselves with the contents of both Parts Ill and IV. Part
IV concludes with a selected list of appropriate print and media resources at the Grade 7-8 levels and
some useful Internet addresses to fulfill the intent that the module provide a single reference to help
teachers implement the new curriculum.
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Dear colleague,

This letter is written as the final modudymber Sense and Numerati@about to go
to press. It is my wish, as author, to share with you some final throughts as my work
with teachers and students in the field testing of these modules comes to an end.

During the course of this project, | have learned (or perhaps rediscovered) two principles
that have emerged from my observations of the work of teachers and students in Ontario.

* When a class is deeply involved in a mathematical investigation, the invisible
stimulus is almost inevitably a capable, enthusiastic, and caring teacher.

» When provided with sufficient support, most children not only enjoy being
challenged (see student comments on p. 56), but they often respond at levels
beyond what we might ever imagine.

This module, even more than the others, was developed with the latter principle foremost
in mind. It represents a significant departure in process and depth from what has been
traditionally expected of students at this level. While following the content guidelines,
the activities challenge students in grades seven and eight to reach greater depths in
their thinking, to explore openly, and to discuss their ideas. Although some routine
exercises are included, there is an attempt to move beyond the rehearsal of short
algorithmic applications to deeper and richer investigations that foster the development
of fundamental concepts.

The sample units in this module contain independent activities to enable you to use
them separately at various times throughout the school year. We suggest you apply
Fullan’s' maxim, “Think big — start small,” and try only one or two of them in your first
year, expanding further as you become more comfortable with this approach.

You will find that some students will rise to the challenge and announce with joy their
newly-awakened interest in mathematics. Others may shrink away initially and attempt
to opt out. When difficulties arise, you will need to provide support with manipulative
materials and informal discussions of the ideas involved. Grouping for instruction using
formats such as Think-Pair-Share is an excellent way to offer peer group support for
those experiencing difficulties.

The work collected in the field testing of these modules attests to the remarkable
resourcefulness and insights of students in a stimulating learning environment. Creating
such a working environment for all students is a daunting task, and | humbly express
my admiration for those teachers who are successful in this quest.

Thank you for your effort and professionalism. The students you teach will acquire the
mathematical literacy they need to perform well in the 21st century and for that all
members of our society owe you a debt of gratitude.

Brendan Kelly

Fullan, MichaelChange Forced.ondon, U.K.: Falmer Press, 1993.
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The rationale for thé&lumber Sense and Numeratisttand in the Ontario mathematics
curriculum is given on pages 10 and 1Tloé Ontario Curriculum, Grades 1- 8: Mathematics.
This rationale clarifies what is intended under the heading “number sense:”

Students also need to develop “number sense.” Number sense includes:

* an appreciation of and ability to make quick order-of-magnitude
approximations with emphasis on quick and accurate estimates in
computation and measurement;

* the ability to detect arithmetic errors;
» knowledge of place value and the effects of arithmetic operations;

* a grasp of ideas about the role of numbers and about their multiple
relationships;

* an appreciation of the need for numbers beyond whole numbers.

Part Ill of this module introduces Fermi problems (see p. 16 for a definition) as a vehicle for
developing number sense. Students are presented with sets of open-ended problems that
require organized estimation procedures involving order-of-magnitude approximations. In
particular, students are asked to estimate how many times their heart will beat in their lifetime
and to compare this with the capability of an artificial heart. Another activity in that sample
unit engages students in estimating the volume @plaeeship Eartpavillion at theePCOT
Centerand deciding whether all the golf balls in the world today could be contained in that
geodesic dome.

MENTAL MIATHEMATICS & ESTIMATION

The rationale for th&lumber Sense and Numeratginand also asserts:

By the end of Grade 6, students should have consolidated their understanding
of basic computational facts and be able to use computational strategies to
do mental mathematics ... Techniques of mental mathematics should be
introduced along with concepts of place value and the use of pencil-and-

paper calculations.

In the sample unit presented in Part IV of this document, students are prompted to develop
“mental math” algorithms for calculating tips and sales tax. Different algorithms are compared
for efficiency and ease of execution. Another activity in that unit has students compare
fractional approximations tmused by various cultures through the ages. This is followed by

an activity that engages students in discussions aimed at resolving some classical fraction
paradoxes. These learning experiences are intended to address the requirement that
“Mathematics instruction should help students gain conceptual understanding as well as use
fractions and rational numbers effectively and accurately.”
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The policy on the use of technology, as embodidth@éOntario Curriculum, Grades 1- 8: Mathematics,
is stated on page 7 of that document:

Students are expected to use calculators or computers to perform operations that are
lengthier or more complex than those covered by the pencil-and-paper expectations. When
students use calculators and computers to perform operations, they are expected to apply
their mental computation and estimation skills in predicting and checking answers. Students
will also use calculators and computers in various experimental ways to explore number
patterns and to extend problem solving.

More detailed statements pertaining tokhember Sense and Numeratgirand are given on page 11.
Calculators

The ability to use calculators intelligently is an integral part of number sense. It should be
noted that the use of calculators does not do away with the necessity for students to master
the fundamental mathematical operations. Students should use calculators in their
schoolwork, just as adults use calculators for many purposes in the course of their daily
lives. More importantly, students must learn when it is appropriate to use a calculator and
when it is not. They must learn from experience with calculators when to estimate and when
to seek an exact answer, and how to estimate answers to verify the plausibility of calculator
results. Calculators allow teachers to engage students in meaningful mathematical
investigations, such as solving science problems with large numbers, before their skill with
pencil-and-paper computation is equal to the task. Proper calculator use stimulates the
growth of number sense in students.

Computers

The computer is an important tool used by mathematicians to perform a wide variety of
tasks; the ability to use computers effectively and appropriately is central to students’
development of mathematical competence.

An important use of computer software is to engage students in the exploration of concepts.

Computer programs should help students develop number sense and deal with large amounts
of data in an organized way. Spreadsheets should be used by all students to manage and
operate on long lists of numbers. Also, the computer can serve as an aid to students in

clarifying operations rules that will help them develop concepts used in early algebra.

The Grade 7 sample unit in Part 11l requires the judicious choice of pencil-and-paper or calculator
computation. Some order-of-magnitude problems can be done mentally by the manipulation of exponents
of numbers expressed in scientific notation. For other problems, such as the conversion of seconds to
years, the calculator is the more appropriate tool. In the Grade 8 sample unit in Part IV, mental computation
is encouraged for the calculation of sales tax and tips but the calculator is the preferred tool in the
comparison of various fractional approximantsitin Activity 4 of that unit, students who have access

to a graphing calculator are encouraged to run the proBASCAL to display the first 64 rows of
Pascal’s triangle and to determine the percent of even numbers in that array.
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range of instructional approaches. The students are sometimes given

information and required to read, interpret, and apply it in an exercise. In other cases,
the students must investigate, explore, and discover concepts that lurk beneath the surface
of an activity. In some cases, the students work individually, while in others they work
collaboratively or cooperatively. For example, in Activity 1 of Part Il of this module,
students collaborate in the creation of a problem bank consisting of CN Tower word
problems. The students use data about the CN Tower, its elevators, its Sky Pod, its stairs,
and its Space Deck to create word problems that a fellow student must solve. The word
problems are then edited by another student and the teacher who compiles them in a
class problem bank for future use on tests or quizzes. In several activities of this unit,
students are referred to Internet sites to obtain information and to verify calculations.
Activity 3 in Part IV involves students in mathematical dialogues about some classical
fraction paradoxes. Different interpretations and points of view are presented and defended
and fraction concepts are discussed first in small groups and then with the entire class. In
Activity 4 of that unit, students complete the first sixteen rows of Pascal’s triangle and
then conjecture about the percent of even numbers in Pascal’s triangle as the number of
rows is increased. By shading cells in a template showing the first 32 rows of Pascal’s
triangle (see templafe Lascat PariTy Game, page 92), students test their conjectures.
Those with access to graphing calculators can run the prdk&GAL (see page 93)
to test their conjectures for larger numbers of rows of Pascal’s triangle.

I n this and the other four modules, we present activities that attempt to incorporate a

In view of the multiple perspectives on how children learn, one might assume that all
traditional approaches to teaching will disappear as these philosophies are incorporated.
However a response to the question “What should | see in a [NCTM] Standards-based
mathematics classroom?” tiNCTM 1997-98 Handboogresents a balanced and
accessible image of effective instruction:

First and foremost, you'll see students doing mathematics. But you'll see more than
just students completing worksheets. You'll see students interact with one another,
use other resources along with textbooks, apply mathematics to real-world problems,
and develop strategies to solve complex problems.

Teachers still teach. The teacher will pose problems, ask questions that build on
students' thinking, and encourage students to explore different solutions. The classroom
will have various mathematical and technological tools (such as calculators,
computers, and math manipulatives) available for students to use when appropriate.
The teacher may move among the students to understand their thinking and how it is
reflected in their work, often challenging them to engage in deeper mathematical
thinking.
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implications for assessment and evaluation. Among these implications is the shift from
norm-referenced to criterion-referenced assessment, as described on palge Asfessment
Standards for School Mathematjsblished by the NCTM in 1995:

T he changes in curriculum and instruction described on the preceeding pages have significant

At present, a new approach to assessment is evolving in many schools and classrooms. Instead
of assuming that the purpose of assessment is to rank students on a particular trait, the new
approach assumes that high public expectations can be set that every student can strive for
and achieve, that different performances can and will meet agreed-on expectations, and that
teachers can be fair and consistent judges of diverse student performances.

The Ontario Curriculum, Grades 1-8: Mathemaltisse pp. 4-5) also embraces the move to criterion-
referenced assessment and includes four levels of achievement for describing student performance:

High achievement is the goal for all students, and teachers, students, and parents need to
work together to help students meet the expectations specified. The achievement levels are
brief descriptions of four possible levels of student achievement. These descriptions, which
are used along with more traditional indicators like letter grades and percentage marks,
are among a number of tools that teachers will use to assess students' learning. The
achievement levels for mathematics focus on four categories of skills: problem solving,
understanding of concepts, application of mathematical procedures, and communication of
required knowledge. When teachers use the achievement levels in reporting to parents and
speaking with students, they can discuss with them what is required for students to achieve
the expectations set for their grade.

Descriptions of the four levels of achievement for problem solving, concepts, applications, and
communication are shown on page 9 of that document. These are the levels for concept understanding:

knowledge/skills Level 1 Level 2 Level 3 Level 4
Understanding The student shows understanding of concepts:
of concepts ) . . . ;
— with assistance —independently — independently - independently
— by giving partially — by giving appropriate  — by giving both appro-  — by giving both
complete but but incomplete priate and complete appropriate and
inappropriate explanations explanations complete
explanations explanations and
by showing that he

or she can apply
the concepts in a
variety of contexts

—using only afewof ~ —using more than half - using most of the — using all of the
the required concepts  the required concepts  required concepts required concepts

Atable such as the one above that describes levels of achievement is ediled &ncluded with the
student activities, in this and the other modules, are rubrics and samples of student work that exemplify
the levels of student performance as definethiea Ontario Curriculum, Grades 1-8: Mathematics.

11
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The release of the first module in this seri@ata Management & Probabilitywas met

with widespread enthusiasm. It confirmed our belief that teachers need and want materials
to help them implement the new mathematics curriculum. Of particular interest to teachers
are the issues associated with assessment and evaluation. The shift in emphasis from rote
learning to higher-order processes, such as problem solving, drawing inferences, and
communicating mathematical conclusions, requires that methods of performance
assessment be added to the battery of devices that teachers use to assess mathematical
learning. As observed in the NCTM publicatiGarriculum and Evaluation Standards

for School Mathematics: Addendum Series — A Core Curric(l992):

Questions eliciting open-ended responses require more holistic approaches for
scoring. Indirectly, they convey to students the need to communicate their ideas
clearly and to construct their responses for a purpose. The impact on the curriculum
of this type of assessment is to hold students accountable for demonstrating their
understanding of connected ideas rather than displaying their proficiency with
disconnected skillgp. 11)

One of the most important devices for the holistic scoring of higher-order tasks is the
rubric. The rubric shown on page 10 is an example of what is called a “general rubric.” In
its publicationAssessment Standards for School Mathemétg5), the NCTM defines

a general rubric as “an outline for creating task-specific rubrics” (p. 90). Furthermore it
defines a “task-specific rubric” as a rubric that “describes levels of performance for a
particular complex task and guides the scoring of that task consistent with relevant
performance standards.” In this module we present, under the heading Y Ou
MIGHT SEE, samples of student responses to the activities. Large samples of student
work collected during the field tests of these materials were used to create scoring guides.
These guides are task-specific rubrics. You will notice however that they evaluate the
“product”, i.e., the student work, while the general rubric shown on page 10 includes an
observational component of assessment (e.g., “with assistance,” “independently”). Since
there can be no observational component in the assessnuampietedstudent work,

the scoring guides in this book do not use phrases such as “independently” or “with
assistance.lt is expected that teachers will use each scoring guide as a starting point

in the development of a task-specific rubric that will evolve as it is used with students.

As a reminder that students should be assessed on more than just the "written product,”
we have included on p. 89 a "process-oriented" scoring guide that may serve as a starting
point for creating your own rubric for an observation-based assessment of problem solving.
As noted in the other modules, it is important to recognize that the creation of rubrics is
highly subjective and is more an art than a science. It will probably take several drafts
before you develop a rubric that works for you. INTRdSS Monograph #1: Curriculum
Frameworks for Mathematics and Scietit893), Robitaille et al. issue this caveat:

Measuring educational achievement is difficult from both a conceptual and a
practical perspective. What counts as “achievement” is not always easy to discern
and even when a concept of achievement has been clearly explicated, ways and
means for assessing it are not easily devised. The ongoing debate about educational
measurement and the increasing number of alternative assessment approaches
proposed in educational circles attest to this problgm36)
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THE CHANGING ROLE OF ALCORITHMS IN THE MATHEMATICS CURRICYLUM

ever since arithmetic was incorporated in the school curriculum. Named after Arab

mathematiciatMohammed ibn-Musa al-Khowarizifgee thePatterning & Algebra
module p. 40), an algorithm is merely a mathematical recipe for performing a particular
mathematical operation or function. The procedures for multiplying two numbers, extracting
a square root, or bisecting an angle with ruler and compasses are all examples of algorithms.
Similarly, the set of instructions in a computer program that generates a fractal, solves an
equation, or graphs a function is also an algorithm. Until recently, the main goal of elementary
mathematics was to help students master standard algorithms for adding, subtracting,
multiplying, and dividing whole numbers, decimals, and fractions. Mastery of these algorithms
by pencil-and-paper computation was an important numeracy and survival skill in the pre-
calculator era. Bank tellers, store keepers, and virtually all citizens required some facility with
these algorithms merely to function on a daily basis.

T he algorithm has been the cornerstone of elementary school mathematics programs

The emergence of the hand-held calculator and the personal computer in the late 1970s
challenged the central role of computational competence emdba d’étreof the elementary

school mathematics curriculum. Many educators asked why it was necessary for humans to
dedicate so much time to mastery of skills for which the new machines were so much better
adapted. At the same time, it was recognized that some skill in pencil-and-paper and mental
computation may be needed to judge whether the outputs of these machines were reasonable.
In the decades that followed, there has been a gradual shift in the role of computational
algorithms in the elementary school curriculum. The heavy emphasis on computational facility
with pencil and paper has been somewhat reduced in favour of a greater attention to estimation,
approximation, and order of magnitude judgements, collectively referredhtordmser sense

These gradual shifts in emphasis have been captured in the table below, preBaveldping
Number Sensé. 13) from theAddenda Series Grades 5-8: Curriculum and Evaluation
Standards for School Mathematics.

The NCTM Curriculum and Evaluation Standards recommends a number of changes
in the middle grades mathematics curriculum...[The table] highlights the areas that
are to receive increased and decreased emphasis.

Increased Attention Decreased Attention
 Developing number sense » Memorizing rules and algorithms
+ Developing operation sense  Practicing tedious paper-and-pencil cornputations
* Creating algorithms and procedures  Finding exact forms of answers
* Using estimation both in solving problems ande Memorizing procedures, such as cross-
in checking the reasonableness of results multiplication, without understanding

Exploring relationships among representations ok Practicing rounding numbers out of context
and operations on, whole numbers, fractions;
decimals, integers, and rational numbers

» Developing an understanding of ratio, proportion,.
and percent

Developing skills out of context
Learning isolated topics



TRADITIONAL ALCORITHMS VS, STYDENT-CREATED ALCORITHMS

Most mathematics educators agree that students should learn the multiplication table involving
products up to 16& 10 and should master some simple algorithms for performing arithmetic
operations. (In fact, the emergence of computer science and with it an increased emphasis on
what is termedinite mathematichas heightened the awareness of the importance of algorithms

in mathematics.) However, there is a shift in the rationale for teaching algorithms — away from

a focus on the skill and toward an understanding of the process.

Even common elementary school algorithms for arithmetic take on a new dimension
when viewed from the perspective of contemporary mathematics: rather than stressing
the mastery of specific algorithms—which are now carried out principally by calculators

or computers—school mathematics can instead emphasize more fundamental attributes
of algorithms (e.g., speed, efficiency, sensitivity) that are essential for intelligent use
of mathematics in the computer age. Learning to think algorithmically builds
contemporary mathematical literadisteen, p. 7.)

With the reduced need to develop skill in the rapid execution of an arithmetic operation, the
requirement that students masgtexalgorithm for addition is replaced by the expectation that
students will learanalgorithm for addition. Proficiency in its execution becomes less important
than an understanding of how and why it works. Hence, involving the student in the development
of algorithms to perform arithmetic operations is becoming the preferred approach.

We need to teach students how to develop their own algorithms and break away from
the traditional algorithm instruction. Students should identify their own steps and
ways for solving problems. Teaching algorithms [in this way] helps kids to organize
their thoughts and to see the importance of this organizafdimgus et al., p. 40.)

How Can STYDENTS CREATE THEIR OWN ALCORITHMS ?

The NCTM’s 1998 YearbookThe Teaching and
Learning of Algorithms in School Mathemati(see
reference under “Morrow” on p. 96 of this module),
presents a variety of perspectives on algorithms and
their place in the school mathematics curriculum.
Several articles in that anthology present student-
generated algorithms for whole number operations
(e.g., see articles by Carroll, Ron‘@®ain et al.,
Baek, and Whitin & Whitin). There are also several
articles that present student-generated algorithms for
fraction operations (e.g., see articles by Huinker,
Lappan, Sharp, and Brendefur & Pitingoro). In these
articles, you will find a rich treasury of ideas that
work in the classroom. The shift from the repetitive
drill of rote skills to exploration, discovery, and
communication of new algorithms is evident
throughout. Also evident is a renewed optimism about
the ability of students to conceptualize arithmetic ©1999 by Sidney Harris www.ScienceCartoonsPlus.com
operations.
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n 1938, the Nobel Prize for Physics was awarded to Italian physicist

Enrico Fermi for his work on artificial radioactivity induced by

neutrons and its use in controlled chain reactions. Ayear later, Fermi
escaped from war-torn Europe to the United States where he applied his
discoveries to the development of the atomic bomb. A gifted teacher
and brilliant scientist, Fermi is also known to mathematics educators
by his legendary “order-of-magnitude” estimations knowrfFasmi
problems

CORBIS

WHAT 18 A FERMI PROBLEM?

Throughout his career, Fermi had an uncanny ability to mentally estimate
quantities for which there seemed to be insufficient information. For
Enrico Fermi (1901-1954) example, Fermi once mused, “How many piano tuners are there in
Chicago?” As is typical with most Fermi problems, the initial response
would seem to be, “I need more information before | can even conjecture an estimate.” However, the
essence of obtaining an appropriate estimate is to pose a series of subordinate questions whose combined
answers will yield an estimate that is the right order of magnitude (i.e., the closest power of 10).

How D0 Yoy Sotve A FERMI PROBLEM?

The following sequence of questions, answers, and estimates pertaining to the problem presented above
is one of many different routes to a plausible estimate.

Question Answer

What is the population of Chicago? About 3 x 10°

To estimate the number of pianos, should
we estimate the number of people or the
number of households?

Households rather than individuals tend to own
pianos.

There may be an average of 4 people per household
About how many households in Chicago? | in Chicago, so the number of households is about
3x10°8. 4,

Electric keyboards etc. have probably replaced the
piano in many households, so maybe about 1 in 10
households has a piano. That would suggest that
there are about 3 x 10°- 4. 10 or 7.5 x 10* pianos
in Chicago.

What proportion of householdsin
Chicago have pianos?

Some pianos are hever tuned while others are tuned
frequently. Suppose this averages out to about one
piano tuning per year per piano. Then 75 000 piano
tunings are needed. Assuming a piano tuner tunes an
average of 3 pianos a day and that the piano tuner
works about 200 days per year, the number of piano
tuners needed is about 75 000 - 600 or 125.

How many piano tuners are needed to
service 75 000 pianos?

How many piano tuners are there in There are approximately 125 piano tunersin
Chicago? Chicago.




How Do Yoy kwow WHETHER YOUR ANSWER 1S REASONABLE?

The table on page 16 shows a series of questions that can be used to obtain an order-of-magnitude
estimate of the number of piano tuners in Chicago. However, the answer is only as good as the assumption:
on which itis based. In a classroom setting, different groups of students will come up with different sets
of questions and therefore different estimates. When several approaches cluster around estimates o
similar magnitude (i.e., the same power of 10 when written in scientific notation), then we can be more
confident in the plausibility of the estimate. For example, if we have access to a Chicago telephone
book, we can count the number of listings urgano tunerdn the yellow pages. If there were more

than 100 listings, this would suggest that our estimate might be a little low, since many listings may be
commercial operations with several tuners. If there were fewer than 20 listings, we might consider our
estimate too high.

In many of his estimates, Fermi specified a number (callag@er bounjithat he regarded as definitely

larger than the true value of the quantity he was estimating and another number (oaldaund

that he regarded as definitely smaller than the true value. Since it is unlikely that the true number of
piano tuners in Chicago is more than 10 times the estimated number, 125, he might say that the numbel
of piano tuners in Chicago is definitely less than 1250. Similarly, since it is unlikely that the true
number of piano tuners is less than one tenth of the estimated number, he could certainly assert that the
true number is greater than 12.5. If N denotes the true number of piano tuners in Chicago, we can write
these upper and lower bounds for N in mathematical notation asx 125 N < 1.25¢< 1. (The

scientific notation reinforces the idea that these are rough “order-of-magnitude” estimates. However,
since scientific notation is not included in the expectations until Grade 8, it is suggested that students in
Grade 7 use standard notation to represent their estimates.)

Wy ARE FERMI PROBLEMS WORTH Dome?

Fermi problems generate the kind of involvement and thinking processes that are at the root of quantitative
literacy. Because important information is missing, students must ask themselves more questions about
what they need to know and what they already know. Then they must construct a path of estimates that
leads from the knowledge they have to the knowledge they need to acquire. The focus of this activity is
on the process rather than the answer — a process that mirrors the “number sense” we apply in everyda
life when we make “ballpark” estimates of our fuel consumption, our bank balances, or the time we’'ll
need to mark a class test.

Students who acquire the number sense described above will be better able to check whether the answe
on their calculator display or computer printout is reasonable. When they hear that the Canadian federal
debt is $583 billion, they will not confuse this with $583 million or $583 trillion, recognizing that
millions, billions, and trillions are in the same ratio as 1, 1000, and 1 000 000. They will realize that the
odds of winning a lottery are roughly the same whether or not you buy a ticket. The development of
number sense using such techniques with this generation of students will go a long way toward eradicating
the problem that is currently referred tomsumeracy
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and good order-of-magnitude estimates that you could use to check the validity of

student estimates. You could sprinkle the Fermi problems and their discussions
throughout the school year, injecting them into the program at various times to continue
honing students’ estimation skills and fostering the development of number sense. However,
good Fermi problems are not easy to develop because they have to be embedded in contexts
familiar to the student and must involve processes that are within the student’s grasp.
Fortunately, mathematics educators have collaborated to compile a library of such problems.
One such collection is accessible on the Internet at the web site:

I magine having a library of excellent Fermi problems with appropriate sets of questions

http://forum.swarthmore.edu/workshops/sum96/interdisc/fermicollect.html

The list of Fermi problems given below includes some of the problems from that web site
plus others that are scattered throughout journals, books, and Internet sites.

* How many kernels of (unpopped) corn are there in a cubic metre of popped corn?
* How many thirteen-year-olds are there in Canada?
* How many gas stations are there in Ontario?

* How many shots on goal will all the goalies on all the NHL teams stop during a
regular season?

* How many revolutions will an average automobile tire make during its lifetime?
* How many kilometres of railroad tracks are there in Canada?

* How many jellybeans will fill a one-litre bottle?

* What is the total mass of all the students in your school?

* What is the total number of minutes that all the grade seven and eight students in
Ontario spend on the telephone in a single year?

* How many water balloons would it take to fill the school gymnasium?

Try some of these problems with your students. Develop for each problem a set of subsidiary
guestions and, where possible, obtain close estimates from references to check how close
student answers approach the actual value. For example, the number of thirteen-year-olds in
Canada can be found on the Statistics Canada website at http://www.statcan.ca (see their web
page on page 15 of the Data Management module). Remember, however, that it is important
not to stress the closeness of the approximation as much as the process by which the estimate
is obtained. Both you and your students will enjoy the challenge!
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THE ONTARIO CURRICULUM, GRADES 1- 8: MATHEMATICS
NUMBER SENSE & MUMERATION: GRADE 7
Overall Expectations

By the end of Grade 7, students will:

» compare, order, and represent decimals, integers, multiples, factors, and square roots;

understand and explain operations with fractions using manipulatives;

demonstrate an understanding of the order of operations with brackets;

understand and explain that exponents represent repeated multiplication;

use estimation to justify or assess the reasonableness of calculations;

solve and explain multi-step problems involving simple fractions, decimals, and percents;

explain, in writing, the process of problem solving using appropriate mathematical language;

use a calculator to solve number questions that are beyond the proficiency expectations for
operations using pencil and paper.

Specific Expectations

(For convenient reference, the specific expectations are coded. For example, N 7-3 denotes the
third Number Sense and Numeration expectation in Grade 7.)

Students will:
Understanding Number

N 7-1 - compare and order decimals (e.g., on a number line);
N 7-2 - compare and order integers (e.g., on a number line);
N 7-3 - generate multiples and factors of given numbers;

N 7-4 - explain numerical information in their own words and respond to numerical information
in a variety of media;

N 7-5 - represent perfect squares and their square roots in a variety of ways (e.g., by using
blocks, grids);



THE ONTARIO CURRICULUM, GRADES 1-8: MATHEMATICS

N 7-6

N 7-7

N 7-8

N 7-9

N 7-10

N 7-11

N 7-12

N 7-13

N 7-14

N 7-15

N 7-16

N 7-17

N 7-18

N 7-19

Computations

- perform three-step problem solving that involves whole numbers and decimals
related to real-life experiences, using calculators;

- understand that repeated multiplication can be represented as exponents (e.g.,

in the context of area and volume);

- justify the choice of method for calculations: estimation, mental computation,
concrete materials, pencil and paper, algorithms (rules for calculations), or
calculators;

- demonstrate an understanding of operations with fractions using manipulatives;

- add and subtract fractions with simple denominators using concrete materials,
drawings, and symbols;

- relate the repeated addition of fractions with simple denominators to the

multiplication of a fraction by a whole numb%&g.,% +% +% =3 x%%

- demonstrate an understanding of the order of operations with brackets and
apply the order of operations in evaluating expressions that involve whole
numbers and decimals;

- represent the addition and subtraction of integers using concrete materials,
drawings, and symbols;

- add integers, with and without the use of manipulatives;

Applications

- ask “what if” questions; pose problems involving simple fractions, decimals,
and percents; and investigate solutions;

- explain the process used and any conclusions reached in problem solving and

investigations;

- reflect on learning experiences and describe their understanding using
appropriate mathematical language (e.g., in a math journal);

- solve problems involving fractions and decimals using the appropriate strategies
and calculation methods;

- solve problems that involve converting between fractions, decimals, and
percents.
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AcTiviTy | — TEACHER EorTion
8o How Taww Vs rwe CN Tower Reawy?

Expectations Addressed
Actiniry | — STYOENT PAGE

N 7-4  explain numerical information in their own words

and respond to numerical information in a variety S0 How Taw 18 THE CN Tower REALLY?
of media. ost Canadians know that the CN Tower is the
N 7-6  perform three-step problem solving that involves LR LGSR Iy IR IS
over one-half a kilometre into the air, looking

whole numbers and decimals related to real-life down on

N 7-8 justify the choice of method for calculations:
estimation, mental computation, concrete materials,
pencil and paper, algorithms (rules for calculations), @ The diagram on the right (drawn to scale) shows
or calculators. atall person standing beside the CN Tower. Estimate

. ) . . the number of people this height that would be
N 7-15 ask “what if” questions; pose problems involving needed to make a tower the height of the CN Tower.

simple fractions, decimals, and percents; and yse aruler or tape marked in millimetres to estimate

investigate solutions. how many times the CN Tower is taller than the

. . erson in the diagram. Explain how you arrived at
N 7-16 explain the process used and any conclusmnsﬁouresﬁmate. 9 P Y Sk

than you.

reached in problem solving and investigations. Pod

The CN Tower is 553.33 m tall. Estimate how many
N 7-18 solve problems involving fractions and decimals timesthe CN Tower is taller than you. Measure your

using the appropriate strategies and calculation"®ight in centimetres. With or without a calculatr,
methods determine how many people your height, standing

on each other's heads, would stretch upward a
distance of 553.33 m.
Context

o ] ] ] ] ) @ The world’s highest revolving restaurant is located
The four activities in this unit, unlike those in the other in the Sky Pod (see diagram). Estimate the height of
modules, do not have a common theme. They ard"s restaurant above the ground. Show how you

. ’ . . ’ obtained your estimate.

designed as a series of four independent lessons that

can be used any time throughout the year. Howeve @ Help write this brief information article on the

they are all dedicated to a common purpose — th CN Tower by filling in the missing numbers from
the list shown here.

; . the City of Toronto and the surrounding shores
experiences, using calculators. of Lake Ontario. To understand just how tall this really is,
you can calculate how many times the CN Tower is taller

development of number sense. T Nun&t;(—;rs to
. . . . . . Some ToWERING MYMBERS
Activity 1 involves students in estimating the height o The N T e . 1200
the CN Tower relative to a typical student height. Tk October 1. lts original cost was o3t
height of Sky Pod is calculated from a scale diagram go”ars, bl;t tl?jday it vizould ks 23 000
. - : . ollars to build. It took a total o

the CN Tower. Using data pertaining to the dimensior construction workers ove{ é(l{) %ég
mass, capacity, and elevators of this tallest free-stanc  approximately days to complete] o 110 15

; the task. Its total mass - tonnes.
structure in the wqud, stude_nts create a bank of w ;5 2 equivalent to the mass of abolL250000 000
problems for solution by their classmates. large elephants. The CN Tower g‘

has an annual attendance - .
Activity 2 moves from traditional word problems toward s
ot

Fermi problemqsee p. 16), by posing the questions,
How long would it take you to count to one billion? &Very tall person standing beside the CN Tower o

andHow many times will your heart beat in your lifetimB® address these problems,
students must make some general assumptions and then compute some approximations.
Students are also prompted to discover the relative sizes of one million and one billion.

In Activity 3, students calculate the height of a stack of loonies required to pay off the
Canadian debt. They also solve a variety of single and multi-step word problems involving
whole numbers, decimals, and fractions. Then in Activity 4, students tackle the Fermi
problem:Can Spaceship Earth (at EPCOT Center) hold all the world’s golf balls?

© Taisa Dorney



Prior to launching this lesson, tape a long tape measure
vertically up a wall so that students can measure their heights

in centimetres or millimetres during the activities.

The Lesson LaunchiseRnllliieEs

To launch this lesson, you might pose questions such as:

What are some of the tallest structures in the world?
What do you think is thtalleststructure?

Encourage discussion about landmarks such as the
pyramid of Cheops (147 m), the Eiffel Tower (320 m),
the Empire State Building (443 m), and the Sears Tower
(520 m). Invite students who have visited the CN Tower
to describe this experience to the class. (The Internet
activity on page 25 will help students who have not
visited the CN Tower to explore its dimensions visually.)
Ask all students to conjecture how many people lying
on the ground, head to toe, and forming a human chain
it would take to stretch the length of the CN Tower.
Record estimates on the blackboard.

Initiating Activity 10 minutes

Group students in pairs and distribute a tape measure mar

lfd
in millimetres and a copy of page 24 to each pair. Ensurg, There are 6 main elevators to the Look-out level. These elev:

that students are able to identify 1 mm on their tape measur
Assign Exercisd to all pairs. Circulate around the class
checking that students are recording lengths of about 2
mm for the height of the CN Tower and about 1 mm for th
height of the tall person in the diagram. Estimates in Exercig
@ should range between 300 and 400.

When most students have completed Exel@sask them

io during high winds.

@mf 1 — STVOENT PAGE

So How Taet 1s Tve CN Tower ReaLty?

You may need your calculator and/or

information from Exercis@® to help you

answer some parts of Exerc Show

your work.

® a) Aclass of 30 Grade 7 students
Pearson Elementary School has 4
total mass of about 1350 kg. The
CN Tower has a mass of about
118 000 t. How many Grade 7
students would have a combined
mass the same as the CN Tower?
b) What did it cost per tonne to
build the CN Tower?

Here are some interesting factsiilis
about the CN Tower. Use these facts Andrea Pistolesi/The Image Bank
to create three word problems. Write the problems in your notebook.
Trade word problems with a friend and see if you can solve your
friend's word problems. Choose one of you to edit the problems
and put them in the class problem bank.

MORE INTERESTING FACTS ABOYT THE CN TOWER

tors
S. travel at a speed of 6 m/s, and take 58 s to reach the Look-outflevel
from the ground. Safety sensors slow the elevators to 1/4 speed

» The 6 elevators together can move 1600 passengers per hour
* The CN Tower has the world's longest staircase, 2579 steps.

how they could determine the distance represented by o
millimetre in the picture of the CN Tower on page 24. Afte
it is clear that most students realize that a millimetre in th

diagram corresponds to about 2.1 m, invite students to shae

their estimates in Exerci4® with the class. Compare these

8 On October 29, 1989, Brendan Keenoy set the world record fof the
fastest climb of 1760 steps (from ground to Sky Pod, a distange of
342 m) in 7 minutes and 52 seconds.

* Annual attendance is 1.8 million people.

€@ The 360 Restaurant can seat 400 people and revolves once fevery
72 min.

* The Space Deck is 447 m above the ground and is the highest

observation deck in the world.

)

answers with the original estimates written on the blackboar
Assign Exercis@®.

When students have finished Exerd®e explain that the
original cost of the CN Tower was $63 000 000 and today
would cost about four times that. Then assign Exe@ise

Think-Pair-Share Activity FERgliiiEs

. To check your answers to Exerci€dsand®, visit the
ST T CN Tower web site at:
http://www.cntower.ca
=il ?'"“ - L .
it = T e Locate the CN Tower calculator by surfing throughjthe
By R menus or by using the web site address:
. W http://iwww.cntower.ca/L1_calc.html
e - Wh heigh d h |
ter your height and mass, the calcujator
L orazron len you enter y S
will provide you with answers to Exercis@®and@®.

Distribute copies of page 25 to all students. Have students

work independently on Exerci€® for 5 minutes. Then group them in pairs to compare and discuss their answers. When
most pairs have finished, invite students to report their procedures and results to the class for discussion. Ask why it takes
only a few hundred people to stretch as high as the CN Tower, but millions to equal its mass. (Mass, like volume, is
proportional to the cube of the linear dimensions.) With students grouped in the same pairs, assigi€Extawseach

student write three word problems on individual slips of paper for the partner to solve. When this task is completed, ask each
pair to discuss and edit the word problems to ensure that they make sense and can be solved.

Closure

When all groups have finished, collect the word problems for future use (after your appropriate editing) on class quizzes and
tests. Then take up the answers to Exe@s&xplain that words like “about” or “approximately” in Exerc@®eusually

denote rounded numbers. Invite the students to revise their answers to Eeifaiseessary before they check them on

the Internet. If you cannot get access to the Internet, have students present their answers and explain their reasoning.
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Activiry | — STYDENT PAGE

3 0 // ow 7;«4 [9 THE 6’:1/ nW£k k EaLLy?

ost Canadians know that the CN Tower is the world’s tallest free-standing
M structure. It soars over one-half a kilometre into the air, looking down on
the City of Toronto and the surrounding shores of Lake Ontario. To
understand just how tall this really is, you can calculate how many times the CN TOV\f;]

is taller than you.

@ The diagram on the right (drawn to scale) shows a tall person
standing beside the CN Tower. Estimate the number of people this
height that would be needed to make a tower the height of the CN
Tower.

Use a ruler or tape marked in millimetres to estimate how many

times the CN Tower is taller than the person in the diagram. Explain (
how you arrived at your estimate. Sky Pod- §

The CN Tower is 553.33 m tall. Estimate how many times the CN
Tower is taller than you. Measure your height in centimetres. With
or without a calculator, determine how many people your height,
standing on each other’s heads, would stretch upward a distance of
553.33 m.

® The world’s highest revolving restaurant is located in the Sky Pod
(see diagram). Estimate the height of this restaurant above the ground.
Show how you obtained your estimate.

® Help write this brief information article on the CN Tower by filling
in the missing numbers from the list shown here.

Numbers tg
THE CN Tower — SOME TOWERING NYMBERS Use
1200
The CN Tower was officially opened on October &, 1537
. Its original cost wa¢ dollars, 1976
. , _ 23 000
but today it would cos dollars to build. Ittook 117 910
: 1 800 004
a total of construction workers over 63 000 00C
approximately days to complete the task. Its 250000 000
total mass i< tonnes. This is equivalent to the
mass of abor’ large elephants. The CN Tower
has an annual attendance of ak people.
e

A
JInn

a very tall person standing beside the CN Tower

:

© Taisa Dorney



Actrviry | — STYDENT PAcE

You may need your calculator and/or information frg
Exercise® to help you answer some parts of Exer@se
Show your work.

® a) A class of 30 Grade 7 students at Pearson
Elementary School has a total mass of about 1350
kg. The CN Tower has a mass of about 118 000 t.
How many Grade 7 students would have a
combined mass the same as the CN Tower?
b) What did it cost per tonne to build the CN
Tower?

® Here are some interesting facts about the CN Tower,
Use these facts to create three word problems. Writg
the problems in your notebook. Trade word
problems with a friend and see if you can solve B
your friend's word problems. Choose one of you to
edit the problems and put them in the class problem " -
bank. Andrea Pistolesi / The Image Bank

( )

MORE INTERESTING FACTS ABOYT THE CN Tower
* There are 6 main elevators to the Look-out level. These elevgtors
travel at a speed of 6 m/s, and take 58 s to reach the Look-out
level from the ground. Safety sensors slow the elevators tq 1/4
speed during high winds.
* The 6 elevators together can move 1600 passengers per hpur.
* The CN Tower has the world's longest staircase, 2579 stef]s.
» On October 29, 1989, Brendan Keenoy set the world recorl for
the fastest climb of 1760 steps (from ground to Sky Pog, a
distance of 342 m) in 7 minutes and 52 seconds.
» Annual attendance is 1.8 million people.
* The 360 Restaurant can seat 400 people and revolves oncefevery
72 min.
» The Space Deck is 447 m above the ground and is the highest
observation deck in the world.

To check your answers to Exerci@snd®, visit the
IR TERVET CN Tower web site at:
e | http://www.cntower.ca

Locate the CN Tower calculator by surfing through the

SN W ol . 7 menus or by using the web site address:

e http://www.cntower.ca/L1_calc.html
EvLORI7TION

When you enter your height and mass, the calculator
will provide you with answers to Exercis@sand®.
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Awswer Key ror Aerrviry 1

@ Estimates will vary. However, if the studen@ a) The mean mass is 135@0 = 45 kg. The mass
measures the heights of the tall person and the CN  of the CN Tower is about 118 000 t or about
Tower in the diagram, they should obtain lengths of 118 000 000 kg. Therefore the number of
about 1 mm and 252 mm. This would yield an students would be about
estimate of about 250 people. Actually a person of 118 000 00G- 45= 2 620 000.
height 2 m is a very tall person and the CN Tower is
553 m, so it would take about 276 people of that b) It cost $63 000 000 to build the CN Tower and
height to form a tower as high. Reasonable estimates  its mass is 117 910 t. The cost per ton was:
may vary between 200 and 500 depending upon  $63 000 00G- 117910 or about $534 per tonne.
whether the people forming the tower are assumed
to stand on each others’ heads or shoulders. At this

point the process of organized thinking to reach an TEACHER MOTE!
estimate is more important than the actual number _ _
obtained. The problems that students generate in Exeise

will often show insight and creativity. After they have
Most students at this age are somewhere betweejgen submitted and edited by students, check them
1.4 m and 1.8 m in height, so you might expeciover to ensure that they are appropriate and store
answers somewhere between 300 and 400 peopléhem in a class problem bank with the creator’s name

opposite the problem. Recycle these problems on

A In the diagram, Sky Pod is about 160 mm above thgnit tests so that students have the opportunity to

ground and the CN Tower is about 252 mm, so Skgee their own problems as part of the evaluation.
Pod is 160/252 of the height of the CN Tower.This engenders in the students a greater feeling of
Therefore Sky Pod is about 0.63553 or about control over their program and a deeper sense of
350 m above the ground. (The actual height ignvolvement.
351 m, so the estimate is more accurate than we

have a right to expect.) When taking up the answers to the unit test, discuss
some of the student-generated problems. Give credit
©® The completed article is given below. to the students whose problems have been used. For

example, “This is Jamie’s problem. Did you find it
tricky?” It is particularly gratifying for a low
achieving student to have his or her problem used
on a test and discussed by classmates.

THE CN Tower — SomE TOWERING
A YMBERS

The CN Tower was officially opened on October 1
1976 . Its original cost wa. 63 000 OO@lollars, x

but today it would cos 250 000 00Gdollars to build.

It took a total of 1537  construction workers
over approximatel, 1200 days to complete the
task. Its total mass i 120 000 tonnes. This is

equivalent to the mass of abc 23 000 large
elephants. The CN Tower has an annual attendance

1 800 000 people.




The scoring guide presented below has been developed using student responses on a field test conducted il
1998. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with studertie. Ontario Curriculum, Grades 1-8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 1

Level 1 Level 2 Level 3 Level 4

PROBLEM SOLVING

Rarely: Frequently: Usually: Almost Always:
* Selects the correct * Selects the correct « Selects the correct * Selects the correct
M aki ng Order of operation to solve a word operation to solve a word operation to solve a word operation to solve a word
M agnitu de problem. problem. problem. problem.
Appr oximations » Executes the operation « Executes the operation « Executes the operation * Executes the operation
(exercises @ — ©) correctly using an correctly using an correctly using an correctly using an
appropriate tool. appropriate tool. appropriate tool. appropriate tool.

N 7-4, 7-6, 7-16, 7-18 N A R B
* Rounds the approximation | « Rounds the approximation | ¢ Rounds the approximation | « Rounds the approximation

appropriately. appropriately. appropriately. appropriately.

» Checks to ensure that the | » Checks to ensure that the | » Checks to ensure that the | « Checks to ensure that the
approximation is approximation is approximation is approximation is
reasonable. reasonable. reasonable. reasonable.

ACHIEVEMENT LEVELS DEFINED BY THE MINISTRY OF EDYCATION AND TRAINING
Level 1 Identifies achievement that falls much below the provincial standard.
Level 2 Identifies achievement that approaches the standard.

Level 3 The “provincial standard,” identifies a high level of achievement of provingial
expectations. Parents of students achieving at Level 3 in a particular grafle can

be confident that their children will be prepared for work at the next grade}l

Level 4 Identifies achievement that surpasses the standard.
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WHAT YOU MIGHT StE

PROBLEM SOLVING: USE OF COMPYTATION TO MAKE ORDER OF MAGNITYDE APPROXIMATIONS

AC,\—.\U‘\ \
TSy §ersed 6.8
TR voweS 553,323
¢ x5 53.33= 3762 644
T easdocde D76, gud PeoPE  onL be.
neede s,
e Towes 553.33-

Dhax 553,33 2687 A3

o ool dadke. 2927, A3a o e ‘o
ol Mel oy dower

2

Sy O3 1636.606
Ay vewes 553.33.

553,23 - lone.66= "33 33m )

e  sestocon™
ot |

Dot bE HA33 . 33 v aboue

This student decided that a tall person is 6' 8", and then
multiplied the height of the CN Tower, 553.33 m, by 6.8
to determine how many people this height would equal
the height of the CN Tower. The selection of the incorrect
operation and the confusion of metric and Imperial units
suggest that the student has a limited number sense.
Similar mistakes are repeated in the other exercises on
page 24. All estimates are expressed to several decimal
places, suggesting that the student does not understand
the significance of order of magnitude approximations.

Acdivity | 99/01/22
L My _.rough.estimote s 230 prople 45 form &

"rjm.a,, 4he heioht of  CN  Tower

LM\]/ eshimade  with  Ahe ruley s 280 mes
. How | ‘got Abe . Onswer wos easy. | checked

[ J(r a N .

Lif Abhe “very  tall person’ wos o millimeter.
—+ Then_ I . checked  the CN_ Towers gt 13-

wos 285 centineters _aince | om % 10.om

?'1 nuxl'HPh’/PA 25 b\1l 10

Canswer 250 dimes

My height is I57ce. The CN_Tower is_
Cround 3252 times  tallec. :

,;LES‘&_FL‘m,@t\f,d,ﬁ_he_'l\ghj_Q(;i bis restovurent_akb ;vg iihc

_,{)pr")d 1S 35UmM How |50+ the answer was
—swmple. | measured  dhe hc'gthC A .iﬁ}\y
_1Pod on dbe _digaram. _aod

.’ mu\-*%pl\/ed 1 by
The answer 0P7 55333cm = 25cm._And got.
e _ooswer 3511312 em | ch ang ed 4 _tu. meters
—ithen rounded  down. .

B The N Tower  wias._off icially  Opencd. .
~—an . Oclabee V. 1976, It)s original cest
oS 63 million  (63X108) doliaes, bui todoy
—at wodld  cost 250,000,000 dollars L 250.x16%)
_ Ao _build. 4 4upk o dotal of 1837 construchion
workers ovew . Opproximakely 1200 _A_,_d.,o,x/s,, o
—complede Ahe dask . H’s dolal moss is .
—oeoo dons (1L.2X10%). This. s -equiyalent
c Ao dre Mass of about 23000 (273X 10%)
~ lorge_elephants.. The _CN_Tewer _has on
Sonouel oddendeance  of 1B million peopic
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The student responses presented here show that this
student has a well-developed number sense. She began
with a rough estimate of 230 tall people to form a tower
as high as the CN Tower. Then she performed the
appropriate measurements, applied the correct operation
and obtained 250. Recognizing that this was close to her
original answer, she accepted 250 as reasonable.

In calculating the height of the CN Tower as a multiple of
her height, she divided 553.33 by 1.57 to obtain 352.43
and then rounded down to obtain the estimate 352.

In Exercise®, the student calculated the scale factor
correctly and applied it to her measurement of the height
of Sky Pod (16 cm) to obtain the height 35413.12 cm,
that she converted to metres and rounded appropriately
to 354 m. (The actual height of Sky Pod is 351 m, so her
approximation is even closer than we would normally
expect from measurements of a diagram with such a large
scale factor.)

In Exercisé®, the student shows exemplary sophistication
in her ability to determine which magnitudes are most
realistic for the costs, number of construction workers,
and annual attendance. If we could raise most students to
this level of number sense, we would be close to the
eradication of the innumeracy that pervades our society.



WHAT YOU MIGHT StE

PROBLEM POSING: POSING PROBLEMS INVOLVING WHOLE MUMBERS & DECIMALS

Exercise® on page 25 presents the facts shown hgfe ™ gpoer mwreresrmve Facrs Asour Twe CH Tower

and invites students to use these facts to create

problems for other students. A wide variety of wo
problems were gathered in the field tests. Some wgr
improperly posed while others were very clever
crafted. Most were two-step and three-step probler

Here is a sample of what we received.
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peop'\e per o How rany. people can
one A UGROT Corry In ORe g 2

O sy Te © Slentior ok ¥e O WuwRe Yogedner
o wrove Al DOSHENCELS pex w:g}fo
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There are 6 main elevators to the Look Out level. These elevitors

speed during high winds.

staircase.

distance of 342 m) in 7 minutes and 52 seconds.
 Annual attendance 1.8 million people

72 min.

» The Space Deck, is 447 m above the ground and is the
L observation deck in the world.

travel at a speed of 6 m/s, and take 58 s to reach the Loo
Clevel from the ground. Safety sensors slow the elevators t¢ 1/4

Out

NsThe 6 elevators together can move 1600 passengers per Hour.
» The CN Tower has 2579 steps and this is the world's lorjgest

» On October 29, 1989, Brendan Keenoy set the world recorfl for
the fastest climb of 1760 steps (from ground to Sky Poj, a

» The 360 Restaurant serves 400 people and revolves oncefevery

kj;hest

@ Ve few lowa wodd H take for the elewtor tmake
1‘(’ "T.i["5 L '{D ’Hrtsa %5‘ oo $+9Y‘M?‘Hmmm_“

2 e ® dle difemce \w Time befures, He
AT “h"«Q wp o the Thq B %+ The Q{Ew«'l'nrhw?

310 V5 of the arnua| othendsince g Fo e
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EVIF e space dedk {5 Alim From e ground
wd how mony Deop\e wWould be QX Fo Moty
thal Reigh (f Yng PRESen was (Socm Yol

5.

1. If the CN Tower has 2579 steps all together
including the Sky Pod, and the Sky Pod has 1760
steps from the ground, and each step is approx. 8
inches, than how high is it from the Sky Pod to the
top?

2. There are 6 main elevators to the Look Out
Level. They travel at a speed of 6 m/s. The Look
Out Level is approx. 342 meters, than how long
would it take to reach the Look Out Level from the
ground?

3. If the Sky Pod is a distance of 342 m, and the
Space Deck is a distance of 447 m above the
ground, than how many meters are in between the
two sites?
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ACTiviTy 2 — TEACHER EOITION

”OW lOﬂ/&' WOUM /7 7:4&’5 yoy 70 0004/7 70 017/5 3/((/017/?
@mx 2 — STYOENT PAGE

N 7-2 compare and order integers (e.g., on a number line).

N 7-4  explain numerical information in their own words How Lowe Wouto 1T Take You 7o CouNT T0 ONE Brition?
and respond to numerical information in a variety

of media.
"... Many educated people have little grasp for [large] numbers and are

N 7-6  perform three-step problem solving that involves even unaware that a million is 1 000 000; a billion is 1 000 000 000;
whole numbers and decimals related to real-life and a trillion, 1 000 000 000 000."
experiences, using calculators. Innumeracy

N 7-16 explain the process used and any conclusions John Allen Paulos
reached in problem solving and investigations.
ppose you counted to one billion, starting at one and
nnouncing each number in order until you reached one

Context illion. Imagine that you were able to do this without

stopping to eat, drink, or sleep. Estimate how many years it would

This activity is dedicated to helping students understandake you to reach_ one billion. Describe what strategies you used
. . . - to make your estimate.

the relative sizes of a million and a billion. As Paulos

(see p. 96) has noted, many people regard millions and

billions as huge numbers that are beyond normal

comprehension and consequently make statements such

as, “The Canadian debt is 583 million dollars...or is it o

583 billion dollars? | can’t remember, but it's huge.” Yy

To help students understand the relative magnitudes of

millions and billions, it helps to use analogies such as:

...TWO HUNDRED SEVENTY-EIGHT
MILLION, NINE HUNDRED FORTY-THREE
THOUSAND, FIVE HUNDRED SIXTY-THREE,

...TWO HUNDRED SEVENTY-EIGHT
MILLION, NINE HUNDRED FORTY-THREE
THOUSAND, FIVE HUNDRED SIXTY-FOUR..

A million hours ago was late in thel®entury, but
a billion hours ago was over 100 000 years ago — a
pre-historic time when the human population was
small and sparse.

If a marble were magnified so that its diameter were
one million times as large, it would be a sphere with
a diameter of about 13 km. If the marble were HE L Use your calculator to help you estimate

i . . e . i o i i
magnified so that its diameter were one billiontimes o s I TR LG ot (0 GO 2

t-‘

as large, it would be a sphere the size of the Earth.

To estimate how long it would take to count to one

billion, students need to estimate how long it would

take to say each number. The easiest way is to assume one number per second and adjust the answer
later by simply multiplying by the appropriate factor. Page 32 asks the students to use their calculators

to convert one billion seconds to minutes, hours, days, and ultimately to 31.7 years. ( A review of the
relationships among the units of time is recommended ibathechof this lesson, described on p. 31.)

Then they can adjust their estimates according to the number of seconds they assume it would take to
count each number. Without further guidance, page 33 is given to the students who will work on Exercises

@ and® to take them step-by-step through the conversion process.

Exercise® and® have students attempt to represent a million and a billion on the same number line
so that they realize how miniscule a million is compared to a billion. Finally, in Ex@gistudents
estimate the number of times their hearts will beat in their lifetimes and compare the longevities of their
hearts with the longevity of an artificial heart.



The Lesson Launcliisaullaies
Activirry 2 — STYDENT PAGE

To launch the lesson, ask students questions such as, “What
is larger, a million or a billion?” and “How many millions  How Lowe Wouweo 17 Take You To Count o One Brition?
does it take to make a billion?” Then review some, )

ou may use your calculator to help you answer these exercises.

fundamental relationships between time units by asking:
@ Draw adiagram or display calculations to show how you would calculate

« How many seconds in a minute? the number of seconds in an hour; in a year. Display your answers.

* How many minutes in an hour?

« About how many hours in a day? @ Assuming you could count one number every second,write your answers
to the following questions in the spaces provided. Show your work on

* About how many days in a year? the side.

Group students in pairs so that no pair has two weak studentsThe time it would take to count from 1 to 1 billion would be
Then ensure that each pair has at least one calculator ang@PProximately: §
distribute page 32. Ask students to use their calculators to &) ———————— Seconds.

: . . b minutes.
estimate how long it would take them to count to one billion. Cg —

. . d) days.
Paired Activity 15 minutes e) years.
Circulate around the class to assist pairs of students who ar&® You think you could count one number every second? Explain why
. . cep g . L or why not. If not, how long do you think it would take? Use this new

experiencing dlﬁ'CUIty Obtammg estimates. Distribute PAGE estimate to estimate the approximate number of years it would take to
33 to the students who need help and suggest that they worlkount to one billion if you did not need to stop for food or sleep.
through Exercise® and®. Distribute page 33 to the otherg a) What is one million as a fraction of one billion?

pairs of students after they have completed their estimatesb) What is one million as a percent of one billion?

Have them work through Exerci@ to check the estimate@ numbers from 1 to 1 billion can be represented on a number line like

they made when working on page 32. the one shown here. Draw a number line like this and place the numbers
250 000 000 and 500 000 000 on it.

Individual Activit i ¢« " J

When students have obtained reasonable estimates of the tini'0W the locations of these numbers on your number line.

it would take to count to one billion (anything from 31.7 @ 100000000 b) 10 000 000 c) 1000 000

years to about 10 times that much), ask them to workDescribe any difficulty you have locating any of the numbers on your

individually on Exercise®, @, and® and to record their ~ number line.

Work n thelr notebooks. Th_e intent here is to ensugy Eventually, an artificial heart may be developed that is capable of beating

individual involvement by having each student attempt to up to one billion times. Estimate how many times

locate one million on a number line up to one billion and, in your own heart will beat in your lifetime.

so doing, develop a sense of the relative magnitudes of  Make reasonable assumptions about: | Wy s

millions and billions. Also, each student will have an@‘ the average number of times your hearyg .."T*{-.-;,.-.""’P-

individual assumption regarding their own longevity and will SIS (I & ML . in
. . . . . « the number of years you expect to live. i

obtain a unique estimate of the number of times their heart hink heart h | e i "ﬁ.

will beat in their lifetime. As students draw their number D° You think your heart has a longer lifetime o

. A . ) than such an artificial heart? o

!ln_es,_c_lrculate around the c_If_iss and Q|scuss W|th them whygyplain why or why not. .

it is difficult to locate one million on this number line.

Closure

For many or all of your students, this may be their first exposure to Fermi problems. If so, some will be uncomfortable
with the rough approximations involved in assuming an average number of heartbeats per second, in assuming a
particular lifespan, or in assuming that every year has 365 days. In their calculator computations, they will tend to
carry all the decimal digits shown on the display and may regard rounded answers as inaccurate. It is important at
this point to discuss the problem on page 32 and explain that most calculations in real-world problems involve
such estimates and that such problems require “order-of-magnitude” answers. That is, we want to know roughly
how an artificial heart with a lifetime of one billion beats compares with a human heart. Is its longevity ten times

as great as the human heart or only a fraction? Such questions can only be answered by the Fermi-type assumptions
and approximations used in this activity. Invite students to suggest other Fermi problems. For each problem,
discuss the information that would be needed and the kinds of assumptions that may be required.

[
L
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Activity 2 — STYDENT PAGE

// ow lOﬂ/&' WOUM 4 7 AKE VOU 70 000'1/7' 70 0'1/5 3/&(/0#/?

“... Many educated people have little grasp for [large] numbers
and are even unaware that a million is 1 000 000; a billion is
1 000 000 000; and a trillion, 1 000 000 000 000.”

Innumeracy
John Allen Paulos

announcing each number in order until you reached one billion.

Imagine that you were able to do this without stopping to eat,
drink, or sleep. Estimate how many years it would take you to reach
one billion. Describe what strategies you used to make your estimate.

Suppose you counted to one billion, starting at one and

...TWO HUNDRED SEVENTY-EIGHT MILLION,
NINE HUNDRED FORTY-THREE THOUSAND, FIVE
HUNDRED SIXTY-THREE,

...TWO HUNDRED SEVENTY-EIGHT MILLION,
NINE HUNDRED FORTY-THREE THOUSAND, FIVE
HUNDRED SIXTY-FOUR...

Use your calculator to help you estimate the time
it would take you to count to one billion.




Acrivity 2 — STYDENT PacE

You may use your calculator to help you answer these exercises.

o

2]

Draw a diagram or display calculations to show how you would calculate the number
of seconds in an hour; in a year. Display your answers.

Assuming you could count one number every second,write your answers to the
following questions in the spaces provided. Show your work on the side.

The time it would take to count from 1 to 1 billion would be approximately:

a) seconds.
b) minutes.
C) hours.

d) days.

e) years.

Do you think you could count one number every second? Explain why or why not.
If not, how long do you think it would take? Use this new estimate to estimate the
approximate number of years it would take to count to one billion if you did not
need to stop for food or sleep.

a) What is one million as a fraction of one billion?
b) What is one million as a percent of one billion?

Numbers from 1 to 1 billion can be represented on a number line like the one shown here.
Draw a number line like this and place the numbers 250 000 000 and 500 000 000 on it.

1 1 1
0 750 000 000 1 000 000 000

Show the locations of these numbers on your number line.
a) 100 000 000 b) 10 000 000 c) 1 000 000

Describe any difficulty you have locating any of the numbers on your number line.

Eventually, an artificial heart may be developed that is capable of beating
up to one billion times. Estimate how many times your own heart will
beat in your lifetime.

Make reasonable assumptions about: R ,-': :
@ * the average number of times your heart beats in a minute,

* the number of years you expect to live. [~ A

gt
Do you think your heart has a longer lifetime than such an artificial heart? h b
Explain why or why not. oL
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Graoe 2

Awswer Key ror Aeriviry 2

©® There are various ways this can be done. Sin@ Fermi problems are order-of-magnitude
most children are more comfortable with the calculations based on a set of assumptions that are

concept of multiplication, a natural process for taken to be “approximately” true. The assumptions
converting years to seconds is the following. students must make in this problem involve an
estimate of personal lifespan and average heart rate

lyearx 365 = 365 days throughout life. Often students will assume a
= 365x 24 hours lifespan of about 75 years and a heart rate of one
= 365x 24x 60 minutes beat per second. With these assumptions, the heart
= 365x24x 60x 60 seconds will beat about 7% 31 536 000 or 2.36 10° times.
= 31536000s To adjust this estimate to other assumptions such

as an average heart rate of 72 beats per minute,
The time it would take to count from 1 to 1 billion  merely multiply this estimate by 72/60 or 1.2.

would be approximately:

a) 1000 000 000 seconds.

Since any pair of reasonable assumptions about
heart rate or lifespan will yield between 2 and 3

b) 1 000 000 008 60 = 1 6 666 666.67 minutes.  Pillion beats in a lifetime, itis expected that students

will conclude that their hearts will have a longer

c) 16 666 666.67 60= 277 777.78 hours. lifespan than such an artificial heart.
d) 277 777.78+ 24 =11 574.07 days.
e) 11574.0# 365 = 31.7098 years.

Most students will realize that they could not count a
number every second — especially as the numbers get
large. If they estimate 3 seconds to count each number,
then they need only multiply the number of years by 3,
i.e., 3x 31.7098= 95.1293 years, rather than
recalculating the number of years in 3 billion seconds.

® a) one million is one thousandth of one billion.
b) one million is 0.1% of one billion.

® The number line is shown below with 250 000 000
and 500 000 000 marked on it.

Ot 100 000 000 250 000 000 500 000 000 750 000 000 1 000 000 000

10 000 000

When the students attempt to represent the number 1 000 000 on the
number line, they will discover that one million, as large as it sounds,
is miniscule compared to a billion, and therefore is too close to 0 to
be shown on the number line.



The scoring guide presented below has been developed using student responses on a field test conducted il
1999. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with studertie. Ontario Curriculum, Grades 1-8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate

other levels to Level 3 achievement.

PROBLEM SOLVING

Solution of Multi-
Step Problems
Involving Estimates

(exercise ® & @)

N 7-6, 7-16

Level 1

* Estimation procedure
is inappropriate.

« Calculations are rarely

carried out correctly.

* Some assumptions are
unreasonable.

Scoring Guide for Activity 2

Level 2

« Estimation procedure
is inappropriate.

* Calculations are
frequently carried out
correctly.

* Assumptions are
reasonable but may be
implicit.

Level 3

* Estimation procedure
is appropriate.

* Calculations are
usually carried out
correctly.

» Assumptions are
reasonable but may be
implicit.

Level 4

In addition to Level 3:

e Calculations are
displayed and almost
always carried out
correctly.

¢ Assumptions are
stated explicitly and
justified.

* The estimate of human
heart longevity is used
to compare it to the

CONCEPTS

Comparing &
Ordering Integers
On a Number Line

(exercises © & O)

N 7-2

artificial heart.
Responses satisfy 0 or 1 | Responses satisfy 2 of | Responses satisfy 3 of | Responses satisfy 4 or 5
of the following criteria: | the following criteria: the following criteria: of the following criteria:
+ 1000000 is + 1000 000is + 1000000 is * 1000000 is
expressed as 1/1000 expressed as 1/1000 expressed as 1/1000 expressed as 1/1000
of 1 000 000 000. of 1 000 000 000. of 1 000 000 000. of 1 000 000 000.
» 1000 000 is » 1000 000 is 1000 000 is » 1000000 is
expressed as 0.1% of expressed as 0.1% expressed as 0.1% expressed as 0.1% of
1 000 000 000. of 1 000 000 000. of 1 000 000 000. 1 000 000 000.

* numbers are placed in
the correct order on
the number line.

« each number in the
billions is placed
relativeto 0 in
proportion to its size.

« there is recognition
that 1 000 000 is too
close to 0 to be shown
on the number line.

* numbers are placed in
the correct order on
the number line.

« each number in the
billions is placed
relativeto 0 in
proportion to its size.

« there is recognition
that 1 000 000 is too
close to 0 to be shown
on the number line.

* numbers are placed in
the correct order on
the number line.

* each number in the
billions is placed
relativeto 0 in
proportion to its size.

* there is recognition
that 1 000 000 is too
close to 0 to be shown
on the number line.

* numbers are placed in
the correct order on
the number line.

 each number in the
billionsis placed
relativeto 0 in
proportion to its size.

« there is recognition
that 1 000 000 is too
close to 0 to be shown
on the number line.
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WHAT YOU MIGHT StE

YNDOERSTANDING OF CONCEPTS: COMPARING & ORDERING INTECERS ON A MUMBER LINE

The numbers 100 000 000 and 100 000 are placed in the wrong
order on the number line and distances of the numbers from 0 are

not proportional to their sizes. There is no evidence of understanding.
!
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éeoooe) Xa0meno OO0 700 o000 WY coo e

TR Thy - mudh ke i\Qc_u\*\

4

© a) What is one million as a fraction of one billion?
b) What is one million as a percent of one billion?

@ Numbers from 1 to 1 billion can be represented on a number line like the one shown here.
Draw a number line like this and place the numbers 250 000 000 and 500 000 000 on it.

. o All the numbers except
Lcoo 96 600 100 000 000 are placed in
1906009 %, the correct order on the

number line. Distances of
the numbers from 0 are
proportional to their sizes.
There is no evidence that the

] B 5 Py } » } { student understands that
09 ) 0 cot 900 50009000 750 000 000 1000000000 1 000 00O is too close to O
Show the locations of these numbers on your number line. o) to be distinguished from it
on the number line.
a) 100 000 000 b) 10000 000 c) 1000000
Level 3
L _’ >Ev: T - . .
%5‘ 25 The student has written the correct fraction 1/1000, and then attempted

. @&3)\500’-5w=

(&%

_ tosimplify it by doubling the numerator and halving the denominator.

This caused the percentage also to be incorrect.

@ 4‘.°?C°?°°° . WROOLS S All the numbers, are placed in the
o mocomoeo 750 Coooee ‘°°°°0°°°° 7 correct order on the number line.

X ; \A& :\ f LA)Y\{’, : o QQQ ¥ QQ\C\ Distances of the numbers from O

%0445::.‘ hgv;&,h@.&@&&&f;\; T ol

are proportional to their sizes. The
student's comment suggests that

\()OS o: 'bk\\\O(\ﬁ e &&Q_*.,_mkt\ﬁ she understands that 1 000 000 is

000,000

__/-n-'—
@ o) [, 0c0p 00,000

@ /)/Q O 00,)/;0’000 ,0% o

= ytPOO b)y\,ooo: 00D | X 100z -\ 2

Em)ooo, \e]@;

too close to 0 be distinguished
from it on the number line.

Level 4 All  the elements

identified in the scoring
guide on page 35 are
here. There is strong
evidence that this
50,080,900 student understands the
relative magnitudes of

'» L i

\j
3)10 006%0 [#]

Ao co 6000
) | POoopo
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one million and one
[060,000,000

billion.



WHAT YOU MIGHT StE

PROGLEM SOLVING: SOLYTION OF MULTI-STEP PROBLEMS INVOLVING ESTIMATES

,,My estima te on counting to  billion Li,yegrs
| 'decided on o vumbes . _This numbey

—Jhow_lorg _i¥ Fokes noe  dn_ say - one. number_
1t wag B seconds. L Con  count Fost ok
Eirer  but it . gets  slower. | think i+ woud
De more +han 2 Sedonds  butr W s o eas
namber o wWork. wWith, | Eiguv@:‘,\ out  how
many  pumbers 1 would  Say  In A year- Then
\ div]ded it Qm&ﬂe bilian.

& My estimakion is 234%336Q0c0 +mes.

L T4nink my heowt  Vos longer \iLetime
thon  Ahe  aptificial orme  because my
heart wog  abwows  with me. he arhficial
e, you hove  to. Aake out  dhe other heart
Ho replace it S rmet v ery. heali Hy

L esdvvoaere Wuwoo\d . Soe e G300 -
] o AS COVMN XO_One BiNon. LA
Aeis oy za\mc\,xmu% T COO  COoutk one
_nuneoec ntwsecotds. T eetod W woo\ad
_roke tne Q000,000,600 5+ c,oom o
LoNNon. T SWNGed Wk by 6O 3:0 ,
~ el X fmn, Yoo | {QQ G (e hrﬁéook
By M So gede Sonm e b\/ 26
_NEOS , R o
00 nede W m&l ,coukcx *cﬁom ,_\_mmbﬁ
VRSN SO, D mOee & aMNg
PRI nm\berau{\:%e \,box Qév\-h—e,beaL 57
ANy NOMDRCS \\ke QQQ asa QT Mhindke
| could_ coumt \ nummer enesydnad
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BTN AT aNE YA o ST W e o' <NV Aone fess Nne
pUX LWNe O T couvnhdng Yne v
rombecs L evnay Ao ke onte Ao \k
el eder ok.The estivnake woold
e ik wWoNS Ak e e (R MA0 x/ioha,_m_
A0 oo Yo\ 00,00, GO,

M%m&mmu&,‘l& Aees get mingke
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The student has correctly computed that
it would take 158.54 years to count to

1 000 000 000 if it took 5 s per number.

The student then correctly rounded this
up to 159 years. The assumption of 5 s
per number was explained and the
process for calculating the estimate was
given but detailed calculations were not

shown.

Although the student has not stated his
assumptions, his estimate corresponds to
the assumption that his heart beats about
80 times per minute and that his lifespan
is 70 years. The student does not use this
estimate to compare the estimated
longevity of his heart with that of an
artificial heart.

The student has correctly calculated that it
would take 63.42 years to count to one billion
if it took 2 seconds per number.

The student has explained the assumptions
used in the calculation and given a detailed
description of the computations involved.

The student provides a rationale for the
assumption that she could count a number
every two seconds.

De( e, \ OB OO pex SO, 3Q4 2000 — The student has indicated her assumptions that

pe< \lebf‘ cnd 3\5’?\(.00000 mex \Felirne

(of RO vzc«s\ Nes T Ao becouse T oo

ey QV\Q‘S. eiCeteine, C\\”\C\ Lo\ ready

coleLoNed try Reotk Wl need tobeak
vere  dron - D wllion Hes 1§ T Ywe ho
BO e ordiFiaol cou\d anly beak

\ b\\\\m\ﬁ

her heart will beat an average of 75 times per
minute and that she will live about 80 years.
She has performed the computations correctly
and she has also compared this estimate with
the one billion beats of an artificial heart and
concluded that her heart will probably have
the greater longevity.
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AcTiviry 3 — TEACHER EOITION

How Hsu le rve Cunorw Drer?

N 7-4  explain numerical information in their own words
and respond to numerical information in a variety
of media.

@mf 3 — SryoenT PAcE

How Hreu 18 THE Canaolan DEBT?

. . "a million dollars, a billion, a trillion, whatever. It doesn't mat-
N 7-6 perform three-step problem solving that involves  ter as long as we do something about the problem."

whole numbers and decimals related to real-life Innumeracy
experiences, using calculators. loinalenperins

N 7-15 ask “what if" questions; pose problems involving
simple fractions, decimals, and percents; ar |

: : : n February 24, 1998, the : i
investigate solutions. O Canadian Minister of Finance 1
N 7-16 explain the process used and any conclusio s ' announced that the national = | |
reached in problem solving and investigations. . | —
the year 2000. That's a lot of loonies! 7
N 7-1 i i ' - _ _ 7
8 so!ve problems myolvmg fract!ons and demmql To understand the magnitude of this i
using the appropriate strategies and calculatic 1 gepy, try to imagine a vertical Stack of  paacion/The mage Bank
methods. 583.2 billion loonies. How high would

. - the stack be? Would it be taller than the
N 7-19 solve problems that involve converting betwee CN tower with a height of 553 m? Would

fractions, decimals, and percents. it reach as high as an airplane flying at
10 000 m? Or would it reach to the moon

Context — a distance of about 400 000 km?

This activity presents two- and three-step wot |
problems involving large numbers. These problems ¢ "=
embedded in an analysis of the Canadian federal debt

— its meaning, its magnitude, and its growth. In the The National Debt from 1940 to 2000
lesson launch, students discuss the meaning and origin 60— ———— — ——— —
of government debt. In the initiating activity, they read, 5004 — — — — — — —
interpret, and discuss a graph showing the growth of 1 a0 — — —
the federal debt from 1940 to the present and conjecture Debt

how high a stack of loonies would be needed to repay Bilions e

the debt. In Exercisd® and® of this activity, students of 200" ———————,

test their conjectures by actually performing the P%%® 1004 ——————

calculations. 0 T
1940 1960 1980

The height of this stack is then compared to the height Year
of the CN Tower and the distance from the earth to the
moon. These calculations provide students with an _ _
. - Use your calculator to help you estimate the height of a stack of 583.2
opportunity to convert from millimetres to metres and jjion loonies.
to kilometres and, in so doing, conceptualize the relative

sizes of millions and billions.

2000

Exercise® presents two-step word problems in which students determine the value of a 50-km chain of
loonies placed edge-to-edge, and the length of a chain of one million loonies. The transition from two-step to
three-step problems is made in Exer@én which students combine the concepts of rates, percents, and
conversions among time units to solve problems associated with the production of coins. The concept of rate
is further extended in Exerci€ with the computation gfer capitadebt. Before launching this activity, it

is recommended that you review with students the conversion of fractions and decimals to percents. Itis also
important to review the factors involved in converting among millimetres, metres, and kilometres.



The Lesson LaunchigEnliiiEcs

Begin this lesson with a discussion of government debt. _
“What does it mean to say that the government debt is a @WW S — STyoenT Pace

billion dollars?” Explain the government’s source of

revenue (taxes) and the nature of its expenditures (e.g., How HI6H 18 THE Canaolan DEBT?

military, social programs, health care, and foreign aid). you may use your calculator to help you complete these exercises.

Explain also that the annual deficit is the difference between

the revenues and expenditures when the government spen®® T)hev\t/fr‘]'ct‘?”etﬁs ofa Ca_”adt'afr‘] "?Orf]‘t'ef'fhl-chN’qm- NN
. a at Is the approximate neignt o e ower In miliimetres’

more. than it collects. Students should und_er_Stand that the b) About how many loonies in a stack the height of the CN Tower?

debt is the accumulated value of all the deficits of the past  ¢) what would be the height of a stack of 583.2 billion loonies in

and that it needs to be repaid eventually. millimetres? in metres? in kilometres?
d) Compare your answer in Part c) with your original estimate.

Initiating Activity 10 minutes Explain how you obtained your estimate and indicate whether it
was close to the actual height.

Distribute page 40 to the students and have a student rea® About how many times would a stack of 583.2 billion Ioonie; stretch

the newsclip. Ask students to estimate how high they think from the Earth to the moon and back? Show how you obtained your
. . - . answer.

a stack of 583 b"“(_)n IO(_)meS mlght be relative to the CN ® Organizers ofThe Million Dollar Marathon for disease research

Tower. Record their estimates on the blackboard for later  stretched 50 km of tape along the route. Contributors were invited

comparison. to stick loonies on the tape. Use the fact that the diameter of a loonie

| is 26.50 mm to answer these questions. Use diagrams or words to
Ask students to study the graph. Then pose these questions  expiain how you obtain your answers.

orally to the class.

a) What is the maximum number of loonies that co

» About what year did the debt first rise above 100 billion be S;UCkf“ the tape if the loonies were placed e
to-edge*
? - 26.5 mm -]

dollars? . 5 b) What fraction of the tape would be covered w —-
 What was the debt in 19907 o loonies by the end of the marathon if the to
» When was the debt about half as much as it is now? contributions reached $1 000 000? Pat Lacrois/ The Image Bark
» About how many times greater is the debt now than it@® All Canadian coins are manufactured by the Royal Canadian Mint

was in 19807 at its high-speed production plant in Winnipeg. It can produce 100

. . coins per second. Use this information to answer these questions.
Display a transparency of this graph on the overhead  show your work.

projector and have students come to the overhead and point a) At the rate of 100 loonies per second, about how long would it

to the graph on the transparency as they justify their answers. ~__take to produce enough loonies to pay off the Canadian debt?
b) What percent of the debt could be paid off by the number of

loonies produced if the machines ran 24 hours per day, every day

Individual Activit ' LBl £ LD
30 minutes ¢) In 1997, the Royal Canadian Mint produced 16 942 000 twonies.

L . . Assuming that all the machines were producing twonies at full
Distribute page 41. ASSI_g_n EXEfCI@ ®, and® to all capacity, how long would it take to produce these coins?
students to complete individually. Circulate to help students _ o .

h having difficul hil d finishi Theper capita debbf Canadians is the amount that each Canadian
who are avmg ! "?u tY' While most students are finishing would owe if the entire national debt were shared equally by all
these exercises, invite students who have correctly  cCanadians. Whatis Canada's per capita debt, if the current population
completed them to write their detailed solutions, showing  of Canada is about 30 million people?
all steps, on an overhead transparency. When all students
have finished, have the students with completed ?//fo’d/ﬁ Visit the Rﬁi/talllcanad'an ,th;\/Ne? site at:

i i ; ; : e p://www.rcmint.ca/en
transparencies display their solutions z_ind explain them s'Fe T Find the number of coins of each denomination
by-step. Compare the calculated height of the debt-hig : i produced in a recent year. Make up a math
stack of loonies with the conjectures written on the s T problem from this information and invite a friend
blackboard and ask students if they think the debt should —“***ae#7o to SO'VE 'y?ur prgb'em- Make sure you provide
be repaid in loonies. Then assign Exercfeand® for enough information.
students to complete in their notebooks. Circulate to help
students who have difficulty understanding the questions

or with the concepts of rate and percent.

Assign any uncompleted exercises as homework. Those who have completed all the exercises should be encouraged to visi
the Royal Canadian Mint web site to collect data and create word problems. These problems should be collected in the next
class, edited, and then placed in the class problem bank as described in the “Closure” on page 23.

iy
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Acrrviry 3 — STYDENT Pace
// ow ///aw [c THE 044/40/4,1/ 0537?

“a million dollars, a billion, a trillion, whatever. It doesn't
matter as long as we do something about the problem.”

Innumeracy
John Allen Paulos

n February 24, 1998, the
Canadian Minister of Finance
announced that the national debt

will remain at $583.2 billion until the year
2000. That's a lot of loonies!

To understand the magnitude of this debt,
try to imagine a vertical stack of 583.2

billion loonies. How high would the stack

be? Would it be taller than the CN tower
with a height of 553 m? Would it reach as
high as an airplane flying at 10 000 m?
Or would it reach to the moon — a distance
of about 400 000 km? Pat LaCroix / The Image Bank

The National Debt from 1940 to 2000

600 -
T 500 A
Debt
in 400 A
Billions
of 300 A
Dollars o A
100 -
O 1 1
1940 1960 1980 2000

Year

Use your calculator to help you estimate the height of a stack of
583.2 billion loonies.



Activity 3 — STYOENT PAGE

You may use your calculator to help you complete these exercises.

@ The thickness of a Canadian loonie is 1.95 mm.

a) What is the approximate height of the CN Tower in millimetres?

b) About how many loonies would there be in a stack the height of the CN Tower?

c) What would be the height of a stack of 583.2 billion loonies in
millimetres? in metres? in kilometres?

d) Compare your answer in Part ¢) with your original estimate. Explain how
you obtained your estimate and indicate whether it was close to the actual
height.

® About how many times would a stack of 583.2 billion loonies stretch from the
Earth to the moon and back? Show how you obtained your answer.

® Organizers ofrhe Million Dollar Marathonfor disease research stretched 50 1
km of tape along the route. Contributors were invited to stick loonies on the G,
tape. Use the fact that the diameter of a loonie is 26.50 mm to answer these = |
questions. Use diagrams or words to explain how you obtain your answers: 2o mm

"

a) What is the maximum number of loonies that could be stuck on the tape'if -
the loonies were placed edge-to-edge? P

Pat LaCroix / The Image Bank

b) What fraction of the tape would be covered with loonies by the end of the
marathon if the total contributions reached $1 000 000?

® All Canadian coins are manufactured by the Royal Canadian Mint at its high-
speed production plant in Winnipeg. It can produce 100 coins per second. Use
this information to answer these questions. Show your work.

a) At the rate of 100 loonies per second, about how long would it take to

produce enough loonies to pay off the Canadian debt?

b) What percent of the debt could be paid off by the number of loonies produced
if the machines ran 24 hours per day, every day for a year?

c) In 1997, the Royal Canadian Mint produced 16 942 000 twonies. Assuming
that all the machines were producing twonies at full capacity, how long would

it take to produce these coins?

® Theper capita debbf Canadians is the amount that each Canadian would owe
if the entire national debt were shared equally by all Canadians. What is Canada's
per capita debt, if the current population of Canada is about 30 million people?

Visit the Royal Canadian Mint web site at:
http://www.rcmint.ca/en/

Find the number of coins of each denomination
produced in a recent year. Make up a math problem

T T

R S o o from this information and invite a friend to solve your
L ora77on problem. Make sure you provide enough information.

i
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Graoe 2

Awswer Key ror Aerrviry 3

or 553 300 mm.

b) The number of loonies in a stack the height of
the CN Tower would be 553 36Q1.95 or about
283 744. 1t would even be appropriate for a
student to observe that a loonie is about 2 mm
thick and so the number of loonies would be
about 553 306 2 or about 276 650.

c) A stack of 583.2 billion loonies would have a
height of 583 200 000 0001.95 mm or about
1 137 000 000 006hm. This converts to
1 137 000 00én and 1 137 000 km.

When students compare this answer with their
original estimate, they will probably discover that

@ a) The height of the CN Tower is 55%3000 mm @ a) As in Activity 2, we can show that the number

of seconds in a year is 31 500 000. Therefore the
production plant in Winnipeg can produce

3150 000 000 loonies in a year. The number of
years required to produce 583 000 000 000 loonies
would be: 583 000 000 0603 150 000 000

or about 185 years!

b) In O a, we found that if the machines ran 24

hours per day every day, the number of loonies
equal to the entire debt would be produced in 185
years. Therefore in one year 1/185 or about 0.5%
of the number of loonies required to pay off the
debt would be produced.

they underestimated significantly how high a ¢) since we anticipate an answer in days, we can

stack of loonies corresponds to the Canadian
debt. (This debt should be repaid in paper money
of high denomination.)

The distance from the Earth to the moon is about
400 000 km. A stack of 583.2 loonies is about
1 137 000 km. The stack of loones is therefore,
about 1 137 006- 400 000 or 2.8 times the

compute the number of seconds in a day as
24 x 60 % 60 or about 86 400 seconds. Since the
machine can produce 100 coins per second, it can
produce 86 408 100 or 8 640 000 coins per day.
The number of days required to produce

16 942 000 twonies is about:

16 900 000- 8 640 000 or almost 2 days.

distance from Earth to the moon. This mea® The per capita debt of Canadians is the total debt
that it could stretch to the moon and back, and divided by the total population. That is:

then almost back to the moon again! Practice in $583 000 000 006 30 000 00G= $19 440.

working with orders-of-magnitude computations Alternatively, we might say that if the Canadian debt

will help students gain an understanding of the were allocated equally to all Canadians, we would

relative sizes of millions and billions.

® a) The tape is 50 km or B0 000mm long. Each

loonie has a diameter of 26.5 mm. Therefore the
number of loonies that could be placed on the

each owe about $20 000!

TEACHER MOTE

tape if the loonies are edge-to-edge would pe N this unit, we have been intentially cavalier with
50000 000+ 26.5 or about 1 880 000. Answers iSsues involving significant digits. We often

such as 1.8 or 1.9 million are acceptable.

compare quantities having different levels of

) precision and carry more digits in our answers
b) If 1 000 000 loonies are on the tape, then abouthap js justified. This is done to avoid the

1+ 1.88= 53/100 or 53% of the tape is covered complications of introducing the sophisticated
with loonies. It's acceptable to say that about half concepts of accuracy and precision. Making

of the tape is covered with loonies.

estimates rather than seeking precise answers
allows us this freedom and enables us to postpone
discussing issues that students should deal with
much later. We have also spelled out the time units,
years, days, minutes, and seconds rather than
using the formal symbols y, d, min, and s, because
these are not yet in universal use and may confuse.



The scoring guide presented below has been developed using student responses on a field test conducted in 199
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studefitse Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 3

PROBLEM SOLVING

Solution of Multi-
Step Problems
Involving
Calculations

(exercise @ — @)

N 7-6, 7-16, 7-18, 7-19

« Calculation procedures
are inappropriate.

« Calculations are rarely
carried out correctly.

* Answers are rarely
checked to determine
whether reasonable.

« Calculation procedures
are inappropriate.

* Calculations are
frequently carried out
correctly.

e Answers are
sometimes checked to
determine whether
reasonable.

Level 3

« Calculation procedures
are usually appropriate.

» Calculations are
usually carried out
correctly.

* Calculations are
usually displayed and
procedures explained.

 Calculation procedures
are amost always

appropriate.

« Calculations are
amost always carried
out correctly.

« Calculations are
amost always
displayed and
procedures explained.

* Where possible,
answers are checked to
ensure they are
reasonable.
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WHAT YOU M|

GHT ott

PROBLEM SOLVING: SOLYUTION OF MULTI-STEP PROBLEMS INVOLVING CALCYLATIONS

t 4 The app e Kimote  hgpt of F N/
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<) in i [lrmetres— 14 37240000000
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L 1

— An appropriate calculation procedure is used
and the calculations are carried out correctly.

— The calculation procedure is explained.

~ The calculation procedure is incorrect and yields a
meaningless answer.

~ An appropriate calculation procedure is used and
the calculations are carried out correctly.

— The calculation procedure is incomplete, giving no
answer for the percent of the tape that is covered.

— An appropriate calculation procedure is used and
the calculations are carried out correctly, but the
answer has not been converted to years.

~ The calculation procedure is appropriate and carried
_out correctly.

~ The calculation procedure is explained.

T How-

— The procedure is appropriate, but there is an
error in converting seconds to days.

—~ The calculation procedure is appropriate and
applied correctly.
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WHAT YOU MIGHT StE

PROBLEM SOLVING: SOLYTION OF MULTI-STEP PROBLEMS INVOLVING CALCYLATIONS

My estimated b&3h+ R _the lQQﬁy

An appropriate calculation

Q) 5523000 mm.,

procedure is used and the

D) obout 233, 590 loomes

calculations are carried out
correctly.

) 1,/ 37,2 k000 Q000 mm , 157240000 M

I \3‘1 '2.‘-!-0 Km

[§N)

5|The _per capita dept would be $1Q

10) 582 'lou oov Oob”-r- 00 = 5832 boo Qo 9.

| ) 90+ _Ahe es'hrﬁa*e b\t mujﬁplymg 563,2
b\\\LQn__b _2(mm). Bince the answer wWos |
by _mm, Cdivided o 1000 o ger M. The calculation
procedure is
i T lained.
MS{ _estimete wos. pr:”ﬂy clase . +he actual [T
_onswer. R B
—[- 1’3 & SI ) 7] < W | l xemch 7,\;& ~ oon an d 1 An appropriate calculation
|'procedure is used and the
] CQWWQ bock  then @Q —Adowr ond QU’”Q&'{‘ -l-calculations are carried out
Y”G'C\(_h the  Moon . s&cond Fime . 2:BU3\._|corectly.
90‘&‘ my ,,,,,, onsSwer b\[ d\\udiﬁg ~ Y400 001 The calculation procedure
l\’\ ol 37 2U0. o __ is explained.
|0 l7886’7Q2 loonies —P DOOLOOOO + 26,5 = Grgwer

-Appropriate calculation

B _72_ _.) 1OOO OO X 26.5 = 26-5be -0 - _|.procedures are used and the
oo | calculations are carried out
16 5'99——6&9— ____’ 26 5 ,_,5 -3 o | correctly and displayed.

Appropriate calculation
procedures are used and the
calculations are carried out
correctly and displayed.

5932 Co0 000 160 X L0 24 = 61500 Do\yﬁ o
67500 + 2b5 = Igk, 9315 —P 185 Yeoars |
b) 100 % 60X (OX 24X 365 =3153600000 per 3ear'

El -—’,3.@5_@..‘48-,_6.5._—
5831c>ooee-éee— 5832000548 \’J_léﬁo‘J.

657%100 <\ 24 Hou = 0.5%01 Yo

Appropriate calculation
procedures are used and the
calculations are carried out

‘| correctly and displayed.

< The answer t@® c) is missing.

LH.LQ,
De.p:i— + Copada € Do]o_u\cz\:han = per caopita dept. .

t  The calculation procedure is appropriate, applied
correctly, and explained.
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AcTiviTy 4 — TEACHER EDITION

aﬂd/ g PACESHIP &Rﬂ/ // oL 4&( THE WOR&D’&’ 60&!' 34&&5’?

N 7-4  explain numerical information in their own words

and respond to numerical information in a variety
of media. Caw SracesHlr EaRTH HOLO ALl THE WORLD'S GoLF Balts?

@mf 4 — STYoENT PAGE

N 7-6  perform three-step problem solving that involves aceship Eqrth isan archite(_:tur_al Iapdmark situat_ed atthe EPQOT
whole numbers and decimals related to real-life entre in Disney World. With its dimpled spherical surface, it
. . esembles a giant golf ball with a diameter of 55 m. It looks large
experiences, using calculators. enough to hold all the golf balls in the world. In fact, one might ask

N 7-7 understand that repeated muItipIication can be whether this is possible. To help us decide, we must estimate how many

ted i in th text fgolf balls it could hold if the inside space were entirely filled. Then we
represented as exponents (e'g" In the context o must estimate how many golf balls are in the world today.
area and volume).

N 7-16 explain the process used and any conclusions CORBIY
reached in problem solving and investigations.

N 7-17 reflect on learning experiences and describe the
understanding using appropriate mathematice
language (e.g., in a math journal).

N 7-18 solve problems involving fractions and decimals | #
using the appropriate strategies and calculatio st
methods. AR5 pp PP

N 7-19 solve problems that involve converting betweer
fractions, decimals, and percents.

In the previous activities, students have estimated lengtt
heights, and times. In this activity, students estimate volume.|I
Fermi problems involving the estimation of volume have
become popular recently as interview questions for execulti
candidates by corporations that place a high premium ¢
intelligence. An article in the March 1997 issud~ofbes
Magazinedescribes some of the interview techniques thg
are currently used by hiring agencies (daép://
www.forbes.com/forbes/97/0324/5906146a.hjm

Think about the dimensions of the spherical Spaceship Earth and about

the dimensions of a golf ball. Then estimate the number of golf balls
that you think could fit inside a sphere of these dimensions.

That article contains, under the headBgesstimateghese
two Fermi problems that are used to screen applicants.

* How many barbers are there in Chicago?
» How many golf balls does it take to fill the swimming pool used at the Atlanta Olympics?

The first of these problems is a variation of the original problem posed by Fermi (see p. 16). The second problem is the basis
of the problem posed in this activity. Instead of using the swimming pool context, this activity uses Spaceship Earth at
EPCOT. Not only is this more interesting to children, but it requires the estimation of the volume of a sphere as a fraction of
the volume of the cube that contains it. (It is not recommended that students use the formula for the volume of a sphere.)

The reason that Fermi problems associated with volume are so popular as tests of insight, is that volume relationships are
often counterintuitive. The fact that the volume of a 3-D figure is proportional to the cube of its linear dimensions means tha
doubling its dimensions multiplies its volume by a factor of eight. The problem posed in this actiaitySpaceship Earth

hold all the world’s golf balls®ith the exponential growth in the number of golfers world-wide, it is not surprising that
Spaceship Earth cannot hold all the world’s golf balls — what is surprising is the fact that it may be the same order of
magnitude!Before launching this activity, it is recommended that you review the multiplication of powers of 10.
Exercise® revisits the Grade 6 expectatiaigtermine the relationship between linear, square, and cubic units.



Assemble a plastic cubic metre (or make one with tape and

rolled newspaper) and ten or more centimetre cubes and
display them in the classroom as in the diagram on page 49. @Vlry 4 — STYoENT PhGE

The Lesson LaunchileEnliiiieEs Can SracesHIP EarTH HOLO ALl THE WORLD'S GOoLF BALLS?

Imagine you are placing centimetre cubes in a cubic metre. Answer
each question, then fill in the missing number. ~ 1m -

_ : 0
Distribute a copy of page 48 to all students. Ask if any students
have been to the EPCOT Center. If so, ask them to describe . . . . L

. - a) An interlocking centimetre cube is a cube with it 1
what Fhey remember _about the Spaceship Earth paV|II|on. edges of length 1 cm that can be attached to anothe L
Explain that EPCOT is an acronym for the Experimental centimetre cube. How many interlocking centimetr=, irllterlocking
Prototype Community of Tomorrow as envisaged by Walt cubes can be locked together istap that extends kenimetre cubey

. . . i ? T
Disney. Have students observe that Spaceship Earth is a largd"® ™!l length of an edge of a cubic metre -
geodesic sphere (i.e., two geodesic domes or hemisphereé’) How many of the strips referred to@ a) would it take_ to form a

t to ether) If students have worked through the module layer of centimetre cubes that cover the bottom of a cubic metre?
gu gt Py .S tial S i that Ci 9 h . How many centimetre cubes would it take to form a layer?
eometry . patial sensenention tha . Inesphere 1s a fc) How many of the layers referred to@hb) stacked on top of each
sphere of diameter 38 m_and Spaceship Earth a sphere of,or would fill the inside of a cubic metre?
diameter 55 m. Ask questions such as:

d) How many centimetre cubes would fill the inside of a cubic metre?

* How many times as great as the diameter of
Cinesphere is the diameter of Spaceship Earth? The diagram shows a sphere inscribed in a cube so it touches each face
) of the cube.

(Answer: 55/38= 1.45 times as great) a) Estimate what fraction of the volume of the cub
« How many times as great as the surface area of is occupied by the sphere. Explain your thinking.
Cinesphere is the surface area of Spaceship Earth? b) What would be the length, width, and height of :
(Answer' 1.48= 2.1 times as great) cube just large enough to contain Spaceship Ear|

I..-rf"

) Use® b to estimate the volume of Spaceship Eal

» How many times as great as the volume of Cinesphere
is the volume of Spaceship Earth? ® A golf ball has a diameter of 4.27 cm.
(Answer: 1.45= 3 times as great) a) Estimate the volume of a golf ball. Explain your thinking.

b) About how many golf balls could Spaceship Earth hold if the golf

Explaln to students that the surface area and volume of 3-D balls could be packed together with no air space between them?

figures are proportional to the square and cube of their linear
dimensions. Therefore, even though the diameter of
Spaceship Earth is less than 1.5 times the diameter of
Cinesphere, its volume is over three times as great. Hold up
a golf ball and ask how many of these they think would fit ig

Spaceship Earth if it were empty on the inside. Record th& REPORT The total world-wide sales of new a”mjd

. golf balls is estimated to be between 1.5 and
estimates on the blackboard. 2 billion dollars annually. Estimate how many

golf balls you think there may be in the entire world. Do yd
Cooperative Learning Activity 30 minutes think that Spaceship Earth could hold all these golf balls?
Write a report to state your opinion. Support your opinion with:

Arrange students into cooperative learning groups of 3 or 4 + your estimates of the number of golf balls that would fit in

c) Inthe tightest packing of spheres, about one quarter of the volume is
air space. Use this information to revise your estima@® m

=

and assign the roles of chair, recorder, and reporter to each Spaceship Earth and the number in the world.
group. Distribute copies of page 49 to all students and assig « the assumptions you used to obtain these estimates.
EXGI’CiSGQ, 9, and@. Encourage them to visit the cubic * a step-by-step display of your calculations. /

metre and centimetre cube display as they work through
Exercise@® to check that their answers are reasonable.
Circulate among the groups as they work to ensure that they understand what is asked of them and that they are
successful in discovering that a cubic metre can contain exactly one million centimetre cubes. This is an important
perceptual anchom the estimation of volume (see the moddkeasuremenp. 14).

When the students have finished Exer@séave the reporter of each group report the group findings on one of
the exercises. Ensure that everyone understands that in EX@rctsey proved that 1 h+ 1 000 000 cfa

Closure

Assign students the task of completing individually the report described on page 49. Describe Fermi problems
and explain that in a Fermi problem the answer is not as important as the assumptions they make and the logical
steps they use to break the problem into simpler estimates. For this reason it is very important that they show
their work. Direct students who want more information on Spaceship Earth to the Spaceship Earth Fact Sheet at
the Internet addressttp://www.intercot.com/edc/Spaceship_Earth/spfacts.html
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Activiry 4 — STYDENT PACE
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Caw Sracesinr Earrre Moo Aee 7ve W oreo’s Gowr Bawes?

PCOT Centre in Disney World. With its dimpled spherical

urface, it resembles a giant golf ball with a diameter of 55 m.
It looks large enough to hold all the golf balls in the world. In fact,
one might ask whether this is possible. To help us decide, we must
estimate how many golf balls it could hold if the inside space were
entirely filled. Then we must estimate how many golf balls are in the

world today.
CORBIS

Sgaceship Earth is an architectural landmark situated at the

Think about the dimensions of the spherical Spaceship Earth and about the dimensions of a golf ball.
Then estimate the number of golf balls that you think could fit inside a sphere of these dimensions.



Activity 4 — STYDENT PAcE

@ Imagine you are placing centimetre cubes in a cubic metre. Answer each

guestion, then fill in the missing number. lm

1 cm that can be attached to another centimetre cube. How many
interlocking centimetre cubes can be locked togethesingathat

extends the full length of an edge of a cubic metre?

I(—
I

a) An interlocking centimetre cube is a cube with all edges of lerjgth | f
I
I
[ Im
I

b) How many of the strips referred toha) would it take to form
alayer of centimetre cubes that cover the bottom of a cubic mefre?
How many centimetre cubes would it take to form a layer? -

1 10 interlocking
centimetre cubes

c) How many of the layers referred to@hb) stacked on top of
each other would fill the inside of a cubic metre?

d) How many centimetre cubes would fill the inside of a cubic metre?

® The diagram shows a sphere inscribed in a cube so it touches each

face of the cube. [

a) Estimate what fraction of the volume of the cube is occupied by
the sphere. Explain your thinking.

b) What would be the length, width, and height of a cube just Igrg
enough to contain Spaceship Earth?

c) Use® b to estimate the volume of Spaceship Earth.

® A golf ball has a diameter of 4.27 cm.
a) Estimate the volume of a golf ball. Explain your thinking.

b) About how many golf balls could Spaceship Earth hold if the golf
balls could be packed together with no air spaces between them?

c) In the tightest packing of spheres, about one quarter of the volume is
air space. Use this information to revise your estima@

The total world-wide sales of new and used golf balk
is estimated to be between 1.5 and 2 billion dollars
annually. Estimate how many golf balls you think there
may be in the entire world. Do you think that Spaceship
W Earth could hold all these golf balls?

Write a report to state your opinion. Support your opinion with:

* your estimates of the number of golf balls that would fit in Spaceship
Earth and the number in the world.

* the assumptions you used to obtain these estimates.
k. a step-by-step display of your calculations. /
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@ a) 100 centimetre cubes.

Graoe 2

Awswer Key ror Aeriviry 4

b) It would take 100 strips each containing
centimetre cubes for a total of 10 000 ot ditbes.
c) It would take 100 layers of 46ubes for a total
of 1 cubes to fill the cube of side length 1 m
This tells us that there are one million cubi
centimetres in a cubic metre.

a) On apurely holistic judgement the sphere see
to occupy between half and three-quarters t
volume of the cube. However, the formula for th
volume of a cube of radilis 4rR%/3, so the ratio
of the volume of the sphere to the volume of th
smallest cube that contains it is actuail§ = 1/2.
Although some of the student samples show t
use of this formula, we don’t suggest teaching th
to students at this point. Holistic estimates betwe
1/2 or 3/4 are sufficient.

b) Spaceship Earth has a diameter of 55 m. T
smallest cube that could contain it would hay
edges 55 m long. Its volume would bé &% or
about 166 375

¢) The volume of Spaceship Earth is therefore ab
half of 166 375 rh or about 83 000 n

a) The volume of a golf ball is about half the volum
of a cube with edges of length 4.27 cm. That s, t
volume of a golf ball is about 1/2 4.27 cm? or
about 39 crh

b) In@c), we found that the volume of Spacesh
Earth is about 83 0003Since 1 ri= 1 000 000
cn?, the volume of Spaceship Eartlagproximately
83 000 000 000 ctnlf golf balls could be packed
together without spaces between them, th
Spaceship Earth could hold approximatel
83 000 000 006 39, or about 2 100 000 000 gol
balls.

¢) Since even the tightest packing of spheres lea
about one-quarter of the space unfilled, the spa
filled by the golf balls is only 3/4 of the total spac
inside Spaceship Earth. Therefore, Spaceship Ez
could hold only 3/4 of the 2 100 000 000 or abo

REPORT

1 575 000 000 golf balls.

balls in the world is a true Fer

Problem (see p. 16). Several assumptions
necessary and these depend on how the stu
answers questions such as:

» Does this count all the golf balls at the bottom
lakes and rivers or lost in the woods?

* What proportion of the golf balls sold are new
and what proportion are used?

* How many unsold golf balls are on the shel\
of retail stores, warehouses, and pro shops?

One possible sequence of questions, answers,
estimates is:

What fraction of all golf balls sold are new?
Assume about half the golf balls sold are ng

>0 >0

ball sells for $1, then the average price fo
golf ball is (1/2)($2) + (1/2)($1) = $1.50.

Q. About how many golf balls are sold world-wid
each year?
Assuming total sales of about $1.8 billig
annually and an average sale price of $1.

the number of balls sold per year is about:
1 800 000 00& 1.5 or 1 200 000 000.

>

About half of 1 200 000 000 i.e. 600 000 00

produced in the last 40 years?

> O >0

produced in the last 10 years as in the previ
30 years. In the last 10 years there may h
been about 6 000 000 000 new balls produc
and therefore about 12 000 000 000 produ
in the last 40 years.

Could Spaceship Earth hold all these golf bal
12 000 000 000 >1 575 000 000, so Spaces

> O

The estimation of the number of\gralf

What is the average sale price of a golf ballf?
If a new golf ball sells for $2 and a used gglf

About how manyewballs are sold each yeali’

About how many new golf balls have beg¢n

i
are
dent

of

eS

and

W.

?

a

?
0.

Probably there have been as many golf balls

DUS
ave
ed,
ped

s7?
hip

Earth could probably not hold all the golf bal
in the world today.

S



The scoring guide presented below has been developed using student responses on a field test conducted in 199
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studefitse Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate

other levels to Level 3 achievement.

COMMUNICATION

Reporting of
Assumptions &
Estimatesin the
Solution of a
Fermi Problem

N 7-4,N 7-16, N 7-17,
N 7-18.

Scoring Guide for Activity 4

Level 1

Estimates with step-by-step
display of calculations of
several of the following are
incomplete or missing:

« the number of golf balls
in the world.

« the volume of a golf ball.

« the volume of Spaceship
Earth.

Some statements are
incoherent and reasoning is
unclear.

Level 2

Report provides estimates
with step-by-step display
of calculations (in most
cases) of the following:

« the number of golf balls
in the world.

« thevolume of agolf ball.

« the volume of Spaceship
Earth.

Report may or may not
state whether Spaceship
Earth will hold al the golf
balls in the world.

Level 3

Report provides estimates
with step-by-step display of
calculations (in all cases) of
the following:

* the number of golf balls
in the world.

* the volume of a golf ball.

« the volume of Spaceship
Earth.

Report states whether
Spaceship Earth will hold all
the golf balls in the world
and uses the estimates above
to support the statement.

Level 4

e |n addition, the
report contains
clear articulation of
the ideas involved
and one or more of
the assumptions
made.

¢ Thereport uses
appropriate units
and terminology
throughouit.
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WHAT YOU MIGHT StE

REPORTING OF REQUIRED KNOWLEDGE RELATED TO CONCERTS, PROCEDURES & PROBLEM SOLVING

I ﬂ’\»n% there weuld  be mob&/ Ten billion 9@({‘ — Estimates of the number of golf balls

b:J’s in 9Pﬁﬁbd'11> é@fﬂﬂ T HaM there s PIOanY 69H’ that would fit in Spaceship Earth and
b. ion in H’we, hele world- the number in the world are given.
ossumpffor) ;S Hfﬂj IP‘}W‘/ becwsc fhere 1« — There is an attempt to support the
b lion doltars spat P“f' one estimate of the number of golf balls in
00( &r ‘Q"’“ used ?‘3“0 b‘*” Hoo dﬁ“*ﬂ {O’f o bran the world by the assumptions that a new
new 30 {’ ball mg)H’ able 4o come up golf ball costs two dollars, a used golf
my Estamske ball costs a dollar, and the annual sales
of golf balls is between 1.5 and 2 billion
Frist T twed fo mohie o~ resnoboll estamids dollars. There is no indication how these
for eresg&ior m anS(«)arIO'cHef ten billvon - numbers were used to yield the
ond then I drped it by +wo billion fo 3e4- estimates given.
eht biltion,

1 The reasoning presented here is incoherent.

GO%G\\ rcmﬁ

000 000 ﬂ W /@Q LardAd — An estimate of the number of golf balls
| e, in the world is given as one billion, but
M /9— 2 1"-@'& “ /‘* C‘W/ the reasoning used to obtain this

/ : .
estimate is incoherent.
WM s a é’fé@wu fa@z /—&af(
~ An estimate of the number of golf balls
625 W that could fit in Spaceship Earth is given

as 5.625 million. There is an attempt to

/06'0000 = 7500000 dis i i '
play the calculations that yield this
= 75 kf" 375%\' 15 omd hvce ﬁ@‘@M estimate, but the reasoning is unclear.

One @umw‘cr o‘fa;rs(aact 7.5-1.875=0 4 Smi,om

t  The student has made an effort to adjust the estimate to allow for the fact
that one quarter of the volume occupied by the golf balls is air space.

This reports above are generally incoherent. Neither report addresses the original question,
Will all the golf balls in the world fit in Spaceship EarthiRe statements in both reports are
generally incoherent and the calculations used to support the estimates, when they are provided,
are either incomplete or incoherent.



WHAT YOU MIGHT SEE
REPORTING OF REQUIRED KNOWLEDGE RELATED TO CONCEPTS, PROCEDURES & PROBLEM SOLVING

GAE bal\ protlev

0OF bl A =X 3 7r VR
r=ANRS V= S AN AR
Vo Xx A 7Y VR wes6x9,73° « The student has applied the
DPALENIP QorTA X =53 V= )dao0emn formula for the volume of a
= 2 sphere to calculate correctly
a2 WA _ vz 0.73cm 3 (to one decimal digit) the

volume of a golf ball.

V:\XKQX\/‘B N
V = Ux 3\ 7.5
V= X1 3aXx 30,796 .87°
V22 56 a0, 6278~ The student has applied the

VT s la0s .68 formula for the volume of a sphere
""75’-"“ to calculate correctly (to the
Ve £ 0Q . 603 nearest thousand 3rthe volume _
' of Spaceship Earth..
Swee  gpocesp edvva e @ 706826 v avd ~ The division of the volume of
O o ol 1s WD 72w Yo wde o o Spaceship Earth by the
e\ o ﬁmﬁ\ﬂ) e\ volume of the golf ball is an

appropriate procedure, but

2706426 pnd_ the conversion from cubic
\XD\‘?Scy% /

metres to cubic centimetres
uses the conversion factor of

This is Yow Moy got€ 100 rather than 1 000 000,
GolMe WA\ oo wio gmg),\‘\\) causing the estimate of the
eoutn, : number of golf balls that

would fit in Spaceship Earth
rows ory ®\€ colle v A A O\ to be short a factor of 10 000.
3000 OCOO00O  bewouse o ¥ o\ tosts 3
Ny o AO\\Gr's Ao wordawide salesd 00000 CY)  — The student has divided
Ao - by 20 rather than
. . multiplied to determine

I you. gex Ve onuaer by daivg this you the total number of golf

Then  Fies Yve oveser 67 “Yow hvany réars balls created over a 20-

\e¥s Sty Ovouvdl 0 Y would glve. you m year period.

ORI AEA VR BN Ta ONSWC OF Ve hony
P bols W A weovh WAoo VO vaoyly con KA ~ The process described here for
O TRUCSTINR CRRA & IY AL X RA N determining whether Spaceship

SEOCEBA @OV Cov™ R\ a\\ N \C ol Earth could hold all the golf balls
v worvs @ ) is flawed because it suggests
dividing, rather than comparing,

the two volumes.

It was not intended that students would use the formula for the volume of a sphere in preparing their estimates.
However, this student has used it and, generally, applied it correctly and displayed all calculations. Errors discussed
above prevented the student from reaching a conclusion on the original question, and this is the main reason for
classification of this report as Level 2 rather than Level 3.
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WHAT YOU MIGHT StE

COMMYNICATION;: REPORTING OF ASSYMPTIONS AND ESTIMATES IN THE SOLYTION OF A FERMI PROBLEM

Golf' Ball Problom Mon, Febl,1999

QUEmow

ANVO\VER

HD_\J i ‘Qn_\\ t'ar'"P hn\k [ ¥ A

L5=) piilion dellag wadh

MJ&M SaLﬂdlLQ.__v- m;er vearl.

,doﬂ ée[ box "
When did  dhey  chust imod& dhot
‘ﬁei%‘wﬂ oplf valll e¥lg-

b Wion dz

Ung_m VWZWﬁO'F b

Sorted cellpg
‘k o that rode 1n 1976

1949 - 1947¢-

MMyrs,
} billeon x g\q

-'(lz bathy DA —

\/hot s velume of |

o e £ wall?

i \Zﬁ.‘,ut'\e, 1§ I.LKY 3"_____”

= Gxyr x AL’ -QL_“
v—t-\'x‘ﬁ‘ x_ A031803-3
‘l-}x? 14 > an13 1010323

= 10.5bx dya3i2103:3

VA3 3
=YY om

—
-

Vhat g

v ZH'\& volyme

o of  spouship earthl|

Volume s ‘-Px‘t{‘xr?. =3
=YxTTx 2500 em® 1 _
= Yrorrx 156250053

= Ux3IN x (663500+3

= 12506 % g (as0043
=825y

= b gq’”ﬁ%(&bj Can

-

— Whot s $he volume

fa“ a@ the . 94”3

. 4% 000 000 00O x
YO0 7w

_balls e uar\d’? =19953.000 000 cog

No units are given.
L dhoak -\‘Y\o:\’ QDQUQS}\\O earth _canct held
all R the 0\0(-(3 bell¢ in Yhe wodd. .
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{

~ Assumption stated

~ Assumption stated and
estimate given for the
number of golf balls in the
world. Calculations are
displayed.

~ Estimate given for the
volume of a golf ball and the
calculations are displayed.

— Incorrect units. Should be ém

~ Estimate given for the
volume of Spaceship Earth
and the calculations are
displayed. There is an error
in calculation of 2500

— Incorrect units. Should be ém

~ Estimate given for the
volume of all the golf balls
in the world and the
calculations are displayed.

~ Statement that Spaceship
Earth cannot hold all of the
golf balls in the world.

This report addresses all the questions. Itincludes an appropriate strategy for deciding whether Spaceship Earth
can hold all the golf balls in the world. Estimates of the number of golf balls in the world, the volume of
Spaceship Earth, and the volume of all the golf balls in the world are given and the calculations are displayed.
There is an error in computing the volume of Spaceship Earth in converting from linear to volume units. The
student uses linear units (cm) rather than volume unit (bnoughout and in one case gives no units.



WHAT YOU MIGHT StE

COMMUYNICATION,; REPORTING OF ASSYMPTIONS AND ESTIMATES IN THE SOLYTION OF A FERMI PROBLEM

D\PQQN;— DpacesNe Eacin

me%mw
o A5 Bllion % %o\? ols o\ every yeor. )
*-_”Q.;zexiﬁw QA — Assumption stated
170 000 O QO oty sok\i\f“eg\/ Neot — Assumption stated and estimate given for
[Sa\gea? o\ S Qre trode i
l.e15© Vrey Gece  cnore, oA OFE. Cesald tcr;eI mlerber of g((j)_lf liaIIsdm the world.
YN TN alculations are displayed.
1 There ore approdcorely 1875 (18150000000) — The student has calculated correctly but
QO Lolls i Mre wo e doday. used incorrect notation to represent the
answer.

Hoio roany gl balle will X inte Spocesinip Conah?

. L]:%:?’ 19 Ve Bemola Tor We yolome of Q spnere

4 97.Dmis Whe rodios () For Spaceship Sorin

1AMLES 16 WreSormuoia Sor Ve uotume of Space -

2 Sp Toovn

1A LDl

{1 ©220796.875m Sor Spacesnip Eamy

: \’);‘6((6%‘;07Q(oi675~V'J(J\J35355\‘*“ — Estimate given for the volume of Spaceship Earth

2 = BTV NTT o3 : and the calculations are displayed. Appropriate units
' are used.

4 Theuclome oF Spocesimip BordMN s BTUAT 7o

“ued s Mhe Sormola o Moe udome oF Q
K Sphece.
4 2 \3D e is Yre vadios (O %Pq%o\¥ ball.
LBaA25% s Mee Sotmola For e uolome oF
> o Qo' ool

U= RBRLG
1 032 A T30 Tor & GO o\l
1 \2ADEE*A.T32 = \J2.3F0 cen

A
) = H0. 70D o3

e vowrre SF c,\%o\? DO i WO T76™ a3« Estimate given for the volume of a golf ball and

. the calculations are displayed.
Tre yolurne S° SPacesnip Eardes IS in o~

and Aok OF O golF BB\ in Im oy, S0 Ao

Arange ®TIWAGT7 w3 (Spacesnip Eading

NOLOen®) YO comy, you move Ve decirnal ~ The student recognizes that it is necessary to
P\oLe over *\JOO\LO Nee N%\fﬁ. s convert from M to cn? but uses an incorrect
weahes BNWTT o3, conversion factor in converting fronfio cnf.

- ?}‘l WHLT oen® volome of Spacesnip Somn — Estimate given for the number of golf balls that
T80 763 Con® volore OF o aolF bald can fit into Spaceship Earth and calculations are
215701995 Yow weny golells can S iste  gisplayed.

Spacesnp Eoci
4 WO an esNienode oF  1.B15° aos balls i — Statement that Spaceship Earth cannot hold all
e WOTG, NG DRACE TP BN only of the golf balls in the world is supported using

bewrg able o Yold AVZTOVDDD Govy bolly,
o acesn e Bamiy canmnoy hold a\l ofF
Yo go\s Lals I Mne wor\d.

the estimates presented above.
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WHAT DID THE STUDENTS THINK ABOUT THE ACTIVITIES?

Most students seemed to enjoy the activities in the various modules for a variety of different
reasons. Here is a sample of their responses to the question, “Did you find this unit interesting?

Why or why not?” .
yeS LelouK e owal & C\ra\@‘qe.
Ves I did becocse the «zuesh'ms ore o on an  nteresting T Koe (m\\s MQ‘%(B,bUk 3‘?“" X
opl thad vy moth ok cbesn even hove - My fanie wos "\c'taCe;S‘ﬁo\cs
the QT)TM 8 Blions achvfyes Overell this (p wos
9‘\«’\* . | fund Ahis und gurte inferesting becouse the
osked n here would be kind of

Questions
impossible o do,

Mo o L Weedig, TR Yedes gov Moy Kef\ Yhangs fom W
Measurement y€5 be,Ca use_ + ma d?; M e

| Bund W imderesting because
cef‘\’"ﬂ!ln ;()fb

(o one of the units ) like. 'p:A(J 0‘4-\’
. . . rons Lele . ot

T fund i+ g lilfle intereghing , s0me 7“}, . The achioifyes etovieled me olo wiTh

a (e loarinés- T enje f.i He Ac w""( abod {;ijﬁ&s rn@efw:l‘&on\fw beek [eme ave iaderes-

Pascals law Ahe mos} . By T language Js  €ASY,

\{Q,S ‘UZLW&)Q. ‘A '\\Q\AS W QQT))\ A jougny e C0ore- Anany o,

~9 . Yes, pecovze | o)
\\LQ, %“\QS}\\(‘\O‘\ \mQ\”QE& %

; g2
; L &oamd hin wmik £ fecarnae. A
o o soih all o B o mﬁf | |
Dike “to aotwe qprealionn yes, 1 Al Gnd i infesting baavse T got 4o
\eatn a\lsr(‘b(a oand Tt s @rsy

Y@s + made me %”’/f and 4o back and er 4 ?/4/,}’
/ 1
T+ was in\trefo‘ﬁng o0t wWe oue

L Soond s onit imercsving  becadse guery Yimng crparding o ohad we Knew,

you do a i Co\\(_o\o\\‘ms' YOO ovt \uondaring o ecnvss T foumel he
@5, bheca "

Wi place 5 heaer, Y hianal ey mkvas*"«‘b

. :zwc\ challeng i«sj
Sote, fahg, wece WACCRBY Ay, 0 e Ave. Ao ocen

oM ng Fne XCeadvheek? Mol <
o€ BRI a beres TR0, I IR 8,
e\ e\ oXiores 2 (v Ceck.

Yeo,\ (o\.w\d e aay \*\\QS(Cs&'\\'\S , prConsL
'H“ u)()‘.)(&\\ﬁf\.»( &:oa& Q_X\O\\\O\x\&\‘“?) ?i{m Q‘G L& -

’

Alas, we did not please everyone.
Lo, because Itound 14 (Onsg &/7«:{

SOMQW“Q,‘)’ Dor g A[ ) O’Q‘N’Q’ E‘ 2 phiere WHEAR nwn,vo\o\au\- haecd .
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PART IV

Number Sense
&
Numeration
1q
Grade 8
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THE ONTARIO CURRICULUM, GRADES 1- 8: MATHEMATICS
MNUMBER SENSE & MUMERATION: GRADE &

Overall Expectations
By the end of Grade 8, students will:

e compare, order, and represent fractions, decimals, integers, and square roots;
» demonstrate proficiency in operations with fractions;

« understand and apply the order of operations with brackets and exponents in evaluating
expressions that involve fractions;

» understand and apply the order of operations with brackets for integers;

» demonstrate an understanding of the rules applied in the multiplication and division of
integers;

* use a calculator to solve number questions that are beyond the proficiency expectations for
operations using pencil and paper;

* justify the choice of method for calculations: estimation, mental computation, concrete materials,
pencil and paper, algorithms (rules for calculations), or calculators;

* solve and explain multi-step problems involving fractions, decimals, integers, percents, and
rational numbers;

« use mathematical language to explain the process used and the conclusions reached in problem solving.

Specific Expectations

(For convenient reference, the specific expectations are coded. For example, N 8-3 denotes the third
Number Sense and Numeration expectation in Grade 8.)

Students will:
Understanding Number

N 8-1- represent whole numbers in expanded form using powers and scientific notation
(e.9.,347 =% 10+ 4x 10 + 7 and 356 = 3.5610°);

N 8-2- compare and order fractions, decimals, and integers;
N 8-3- mentally divide numbers by 0.1, 0.01, and 0.001;
N 8-4- represent composite numbers as products of prime factors (e.g.,48 = 2);

N 8-5- explain numerical information in their own words and respond to numerical information in a
variety of media;

N 8-6- demonstrate an understanding of operations with fractions.



THE ONTARIO CURRICULUM, GRADES 1-8: MATHEMATICS

N 8-7

N 8-8

N 8-9

N 8-10

N 8-11

N 8-12

N 8-13
N 8-14
N 8-15
N 8-16
N 8-17

N 8-18
N 8-19

N 8-20

N 8-21

N 8-22

N 8-23

N 8-24

N 8-25

Computations

perform multi-step calculations involving whole numbers and decimals in real-life
situations, using calculators;

express repeated multiplication as powers;
add, subtract, multiply, and divide simple fractions;

understand the order of operations with brackets and exponents and apply the order of
operations in evaluating expressions that involve fractions;

apply the order of operations (up to three operations) in evaluating expressions that
involve fractions;

discover the rules for the multiplication and division of integers through patterning
(e.q., 3x [-2] can be represented by 3 groups of 2 blue disks);

add and subtract integers, with and without the use of manipulatives;
multiply and divide integers;

understand that the square roots of non-perfect squares are approximations;
estimate the square roots of whole numbers without a calculator;

find the approximate values of square roots of whole numbers using a calculator;

use trial and error to estimate the square root of a non-perfect square;

use estimation to justify or assess the reasonableness of calculations.
Applications

demonstrate an understanding of and apply unit rates in problem-solving situations;

ask “what if” questions; pose problems involving fractions, decimals, integers, percents,
and rational numbers; and investigate solutions;

explain the process used and any conclusions reached in problem solving and
investigations;

reflect on learning experiences and evaluate mathematical issues using appropriate
mathematical language (e.g., in a math journal);

solve problems that involve converting between fractions, decimals, percents, unit
rates, and ratios (e.g., that show the conversion of 1/3 to decimal form);

apply percents in solving problems involving discounts, sales tax, commission, and
simple interest.
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N 8-2 compare and order fractions, decimals, and

Integers. MENTAL MaTH TRICKS FOR Tax & TIPS
N 8-6 dem_onstrate an underStandmg of operations Wlthl\/lany people who serve the public receive a large portion of their income
fractions. in gratuities (called “tips”). Whether to tip and how much are up to the

N 8-7 erform multi-step calculations involving whole Person being served._However, it is geqerally recomm_endeq that a tip be
P P 9 about 15% of the bill when the service rendered is satisfactory. A

numbers and decimals in real-life situations, usmgparticularly pleasant or helpful person may receive a tip closer to 20 or
calculators. even 25%.

N 8-10 understand the order of operations with bracketg i i
and exponents and apply the order of operations

in evaluating expressions that involve fractions. “
N 8-11 apply the order of operations (up to three ot
operations) in evaluating expressions that involve

fractions.

N 8-19 use estimation to justify or assess the
reasonableness of calculations.

N 8-20 demonstrate an understanding of and apply unit
rates in problem-solving situations.

N 8-22 explain the process used and any conclusion@
reached in problem solving and investigations.

. . @ a) Why do you think gratuities, rather than wages alone, are paid in
N 8-24 solve problems that involve converting between the service industries?

fractions, decimals, percents, unit rates, and ratioS b) what are the advantages and disadvantages of the gratuity system

(e.g., that show the conversion of 1/3 to decimal to:

form). (i) the patron? (i) the server? (iii) the employer?
N 8-25 apply percents in solving problems involving 0 a '”bYOUr: 9f9upvhmtal‘('_<eda — p— —

discounts, sales tax, commission, and simple ~ Pric showingwhatxincs

; of behaviour would merit| seihop
Interest. tips at the 10%, 15%, and
20% levels for each of theg
service jobs listed. Hairdresser

Context b) Under what circumstance

would you give no tip?

Server

=

The four activities in this unit do not have a commony ., \1aye a table like the ond — T T
theme. They are designed as a series of four lessons ~ on the right explaining thef————~——

that can be used any time throughout the year in any  procedure you would usq et | S
. to calculate a tip at each Of seriersior | 1 o1x
sequence. However, they are all dedicated to a common ¢ 1aies 109, 15%, and "t o™ | s 1ux

Total Bill

purpose — the development of number sense. 20%. Look for different ways.
b

~

Activity 1 presents two familiar contexts in which we If the total bill to which you are adding the tipcidollars, write an
expression for the amount of the tip for each rate. Then write an

are called upon to do mental arithmetic — tipping and expression for the total bill including the tip.

taxing. In Ontario, the combined sales tax and GST

are 15%. Since a standard gratuity is about 15%, the

ability to calculate 15% mentally is a double asset. Students first attempt to develop their own algorithm for
calculating 15% mentally. Then they analyse and compare given algorithms and apply them in various contexts.

In Activity 2 students compare fractions to answer the questibich culture had the best approximatiormto

The focus on fractions is extended to fraction concepts in Activity 3, where students grapple with two famous

fraction paradoxes. Fraction concepts are further expanded in Activity 4 where students investigate what fraction
of the numbers in Pascal’s triangle are even. This provides a gentle, intuitive, and pictorial introduction to fractals.



The Lesson LaunchianllliieEs

Distribute copies of page 62 to all students. Have students
read to themselves the first paragraph. Then discuss
Exercise® with the class. Record student responses on the
blackboard or overhead, using columns with headings,

@mx 1 — STYOENT PaGE

MENTAL MATH TRICKS FOR Tax & TIPS

cartoon shows how four different people compute a tip on a bill of $41.40.

“disadvantages” and “advantages.”

Cooperative Learning Activity ey

Arrange students into cooperative learning groups of 3 or 4
and assign the roles of chair, recorder, and reporter to ead
group. Assign Exercis@® and® to all groups. Provide each

group recorder with an overhead projector pen and twa
overhead transparencies. Instruct them to use a ruler to mak

— S

Dl oY
| JuST TAKE
CB:LM ONE SIXT}
OF THE BILL. |
CROUND $41.40
AND TAKE 1/6 O

UpP TO $42.00
$42.00, WHICH

AT N\
F THE CHECK COMES
TO $41.40, | MOVE

£

THE DECIMAL PO\NT!
e, ONE PLACE LEFT T
e CET $4.14 THENOD '
ADD HALF OF
$4.14 OR $2.07 )

TO GET A TIP

$6.21 )

larger versions of the tables on page 62 in which they camn
record the responses of their group. As you circulate aroungl
the classroom, encourage students to move on to Ex&cise
once they have a couple of entries in each cell of the table i
Exercise®. Some groups will need help with the algebraic
formulation of the tips.

When it appears that all the groups have finished Exercis
@®, have each reporter present the group’s responses on t
overhead projector. As this occurs, the class should b

C

(

U

- — ~ —
"OR 7 P SF YOu GuYs DO

$41.40, | ADD ALL THAT IN

HALF THE BILL YO AD?

TO ITSELF JUST MULTIPITS=
$41.40 + 41.40 By O.15§
$20.70 ON MY

CALCULATOR
WHOOPS!

c
= $62.10
THEN | SLIDE
THE DECIMAL
POINT ONE
PLACE LEFT TO

© Taisa Dorney

checking to ensure that the algorithm presented yields the
correct (or approximately correct) tip. Collect and edit the®

student-generated algorithms at the end of the activity. These

What is the tip as a percentage of the bill given by each person in the
cartoon?

can be photocopied and mounted on a classroom poster titl®d In Ontario, the Provincial Sales Tax (PST) is 8% of the purchase price.

Mental Math Tricks for Tax and Tifer future student use.

Individual Activity 20 minutes

Distribute copies of page 63 to all students. Discuss each of

the three algorithms presented and compare with the studerét-

generated algorithms. Discuss Exerd®ewith the class.
Assign Exercise® through® to all students to be completed
individually in their notebooks.

When the students have finished these exercises, discuss thg
answers to Exercid®. Conduct a mental math quiz by asking
guestions such a&/hat is the combined sales tax and GST
on $40? on $100? on $7Zhcourage students to answer
without using their calculators or pens. Ask students who
answer correctly to explain what mental math techniques they
used.

The Goods and Services Tax for all Ontarians (GST) is 7%. The
combined tax (PST + GST) is 15%. Describe a “mental math way” of
calculating the exact combined tax on any amount.

Use your mental math method to estimate the combined tax on these
purchases.

a) $18.00 b) $24.20 «c) $42.60 d) $25.99 e) $35.95

Dana’s hairdresser charges her $50.00 for a special hair treatment.
Then she adds the combined tax. What is the value of the bill:

a) before tax? b) after tax? c) after tax and tip?

d) Do you think Dana should calculate the tip on the $50 or on the
total bill after the tax is added? Give reasons for your answer.

I" Harvinder sees a $99.95 jacket on sale at a discount of 20%. The
sales clerk adds 15% tax on the normal retail price of $99.95 and then
gives Harvinder a discount of 20% off the total. Harvinder insists that
he should only pay tax on the discounted price. The clerk agrees and
computes the discounted price first and then adds 15% tax on that
amount. Does Harvinder save money by having the discount applied
before the tax is computed? Explain why or why not.

Closure

Discuss the answers to Exerci@snd@. Ask students to expl

ain their reasons why they would calculate the tip

before (or after) adding the tax. Invite students to present their solutions to E€rdest students will be able

to show that Harvinder does not save money by having the price discounted before the tax is applied. In most cases
they will show this by calculating the final cost when the tax is calculated before and after the discount is applied
and then observing that the final cost is the same in both cases. Display the two computations as $99.95(1.15)(0.8)
and $99.95(0.8)(1.15) and explain that since a product is not dependent on the order of its factors, both products
are the same. That is, it does not matter whether the tax is calculated before or after the discount.
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M evrne Marv Terews ror Tax & Tree

any people who serve the public receive a large portion of their income in
gratuities (called “tips”). Whether to tip and how much are up to the person

being served. However, it is generally recommended that a tip be about 15%
of the bill when the service rendered is satisfactory. A particularly pleasant or helpful
person may receive a tip closer to 20 or even 25%.

aH

>

@ a) Why do you think gratuities, rather than wages alone, are paid in the service

industries?
b) What are the advantages and disadvantages of the gratuity system to:
(i) the patron? (i) the server? (i) the employer?
® a) In your group, make a rubric showing what 10% 15% 20%

kinds of behaviour would merit tips at the
10%, 15%, and 20% levels for each of the | Be!hoP

service jobs listed.

. . Server
b) Under what circumstances would you give no

tip?

Hairdresser

® a) Make a table like the one on the right
explaining the procedure you would use to

calculate a tip at each of the rates, 10%, 15%,
and 20%. Look for different ways. e L 2e

b) If the total bill to which you are adding the | Zrocedurefor | Movethe

Calculating the | decimal point

tip is x dollars, write an expression for the Tip one place left.
amount of the tip for each rate. Then write an | S8 e e | Tie01x
expression for the total bill including the tip. T T Bl L
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The cartoon shows how four different people compute a tip on a bill of $41.40.

L) \V o V1 a)
IF THE CHECK COMES
TO $41.40, | /\/\O\/E’

THE DECIMAL POINT
ONE PLACE LEFT

TO GET $4.14.
THEN | ADD :
HALF OF $4.14 OR )

¥ AN 8/ $207 10 cET A
: ,..,) TIP $6.21.
& T -

N

Y
FOR A BILL OF ¥,
$41.40, | ADD
( HALF THE BILL
TO ITSELF.
C $41.40 +
¢ $20.70

= $62.10.
THEN | SLIDE
THE DECIMAL

POINT
« ONE PLACE
LEFT TO GET

)

- ~ 0\,
| JUST TAKE
ABOUT ONE

C SIXTH OF THE

BILL. | ROUND
$41.40 UP TO
$42.00 AND
TAKE 1/6 OF

e~ 1
YOu GUYS DO
ALL THAT IN N
YOUR HEAD? |
JUST MULTIPLES=
$41.40 BY g
0.15 ON MY
g CALCULATOR. 1\

© Taisa Dorney

® Wwhat is the tip as a percentage of the bill given by each person in the cartoon?

® In Ontario, the Provincial Sales Tax (PST) is 8% of the purchase price. The Goods and
Services Tax for all Ontarians (GST) is 7%. The combined tax (PST + GST) is 15%.
Describe a “mental math way” of calculating the exact combined tax on any amount.
Use your mental math method to estimate the combined tax on these purchases.

a) $18.00 b) $24.20

c) $42.60

d) $25.99 e) $35.95

Dana’s hairdresser charges her $50.00 for a special hair treatment. Then she adds the
combined tax. What is the value of the bill:

a) before tax?  b) after tax? c) after tax and tip?

d) Do you think Dana should calculate the tip on the $50 or on the total bill after the tax

is added? Give reasons for your answer.

Harvinder sees a $99.95 jacket on sale at a discount of 20%. The sales clerk adds 15%
tax on the normal retail price of $99.95 and then gives Harvinder a discount of 20% off
the total. Harvinder insists that he should only pay tax on the discounted price. The
clerk agrees and computes the discounted price first and then adds 15% tax on that
amount. Does Harvinder save money by having the discount applied before the tax is
computed? Explain why or why not.
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b) Although there will be a range of answer

® Anumber of different algorithms or procedures
should be encouraged. Some standard Multiplication is commutative, i.e., the order
procedures are presented in the table below.

Grave &

Awswer Key ror Aerrviry 1

O a) Answers will vary, but the main reaso@ The tips are respectively, 15%, 16.9%, 15%, and

would seem to be to create incentives for 15%.

d ice. i i
good service ® Any of the methods in Exercis® for

calculating 15% is appropriate.
a) $2.70 b) $3.63 <c¢) $6.39 d) $3.90
e) $5.39

(i) The patron has the choice to tip as littlgy a) $50.00 b) $57.50

or as much as he or she chooses based oryy |t the tip is given on the $50.00, then the
the level of service provided. This may  yotq pil including tax and tip is $65.00. If the
increase the likelihood of good service. tip is given on the $50 plus tip, then the
(i) The server can be rewarded substantially combined cost is 50(1.153 $66.13.

for offering excellent service. d) Answers will vary because it is an opinion
(iii) The employer can offer a lower wage.  item. Itis generally accepted that the tip should
be calculated on the original bill before tax
because that represents the value of the product
(i) The patron sometimes doesn’t know how and/or service that is provided.

much tip is appropriate or whether the
service person expects a tip.

(i) The server’s efforts are sometimes not
rewarded when the patron provides an
inadequate (or no) gratuity.

(iii) It may be more difficult to attract good@ If the sales clerk adds 15% to the retail price,
workers if the wages are low. and then gives a discount of 20%, the net price

they are likely to include the following:

Advantages:

Disadvantages:

Since atip of 15% is the same as the combined
tax, some people avoid computation altogether
by merely leaving a tip equal to the amount of
tax displayed on the bill.

® The answers will be more varied and creative (© Harvinder is $99.95(1.15)(0.8).
than we might imagine in attempting to
anticipate student responses.

If the sales clerk gives a discount of 20% first
and then adds the 15% tax, the net price to
Harvinder is $99.95(0.8)(1.15).

of the factors does not change the product, so
it does not matter whether we take the discount

10% 15% 20% befor.e or after the tax; the result is the' same.
Harvinder does not save money by having the
Procedure for Move the Proceed as for Proceed as for i i i
Calculating the decimal point 10% and then 10%, then double dlSCOUI’]t app“ed before the taX IS CompUted'
Tip one place left. | increase by half. | the amount.
Expressions for . e i
the Tip & the TIp.IO.1X T|p..0.15X T|p..0.2X
Total Bill Total bill: 1.1X | Tota bill: 1.15X | Total hill: 1.2X



The scoring guide presented below has been developed using student responses on a field test conducted in 199
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studefitse Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate

other levels to Level 3 achievement.

Scoring Guide for Activity 1

APPLICATION

Algebraically and

Apply it Correctly

Level 1

* Unable to describe
verbally or algebraically
the procedure for

* Seldom applies the order
of operations correctly in
calculating the after-tax
cost of an item.

Level 2

* Able to describe verbally
but not algebraically the
procedure for calculating

* Frequently applies the
order of operations
correctly in calculating the
after-tax cost of an item.

Level 3

* Writes the correct
algebraic expression for
the computation of the

Expressthe calculating the after-tax the after-tax cost of an after-tax cost of an item. after-tax cost of an item.
Computation of cost of an item. item.
Sales Tax

* Usually applies the order
of operations correctly in
calculating the after-tax
cost of an item.

(exercises ©, ©, @, « Sometimes rounds the « Usually rounds the after- | » Usually rounds the after-
and @) after-tax cost appropriately. tax cost appropriately. tax cost appropriately.
N 8-7, 8-10, 8-25 * Recognizes that changing

Level 4

* Writes the correct
algebraic expression for
the computation of the

* Almost aways applies the
order of operations
correctly in calculating the
after-tax cost of an item.

the order of the factors
does not change the value
of a product.

ACHIEVEMENT LEVELS DEFINED BY THE MINISTRY OF EDYCATION AND TRAINING

Level 1 Identifies achievement that falls much below the provincial standard.

Level 2 Identifies achievement that approaches the standard.

Level 3 The “provincial standard,” identifies a high level of achievement of provingial
expectations. Parents of students achieving at Level 3 in a particular grafle can
be confident that their children will be prepared for work at the next gradel.

Level 4 Identifies achievement that surpasses the standard.
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WHAT YOU MIGHT StE

Exercisedd and® on page 62 can be used to acquaint students with the process of creating a rubric to assess their own
performance on tasks such as completing their homework or maintaining a portfolio. Included here are two samples of
student responses to those exercises.

Mestal Math TTricke e Tay + Tips  a2j0/4<

Sample 1 l a> Wel\ , becdose  you dont ceally know how hard A
. Yhe P&wn kS wo(\éﬂ,ﬂ s So ‘HNL\/ (e(y on
their ' Yips .

b i) the pation=-vou my Wt nox ger qood cevice -
~the  sEwer relies on yoo inro—
il) the server = - your costumer W\'y\«ﬁ Aip becavie
of =exisim, daicr .
- y0u( aitoude a(i;érf e 1\:‘0
iii\'Hf\c cmpﬁoyfr:—you dow ¥ lndue do Py Haar emp(a;fr’f

: jusk  bawed on hoors~
! ~ the employees s to worl hacler

T Mmove Money,

95.8) | 10% | 15°% )9@% 5)'\(; He pesson was (ude
[ 4 smile faduwde |8 growd R . .
Beﬂkof Aot ance 2Msaj{~ar;<c l'g_(p fss\s’r - quue |iHle fo.no service
) e ey conf _
Sever  |Sewice SHe sy 7o3r oders wrong

Furdeescer qood et | good cok ‘“ﬂm“ /?m\\f
|

—

1 A thet amdottes ae e i the seyvie Sigres becduze  cocfomers
Woud decade o) W Ak mage monivg thew ave pad. I gle
gt D¢ n vy good  yo, ba ov ste  should g0F o good

e, XX | bouao o actnend P.1Y. NPNGRY,S S 90065\505 ot SQN\‘y
o wowws, Y o de  Swodd gt a swele Y

D % 6 o et W o pepular Tedourant, Han Yo ol gef
L \ob oF codowers , uh westas o b oF Mps. Y N doungide
o Yt Ve sewond G\ geb vary Wl beowsr of Yo urount
% grople ad sauc Nem  wovc, |

3 T ‘?DM Khink ev'\(*vgevg (s ony advekoges in 51@13:1!;:;
oic e PAVons and  sevvanls, _

3 0% 5 % 0%

Opus Yoo door | oprae Yo dor | coms Ao dou, §a;s
Bellhop | o ses Yo | o o asks W
. Cotly oy Vagdage

XS / Jovves You | P citeabion e Wy veed
Yo uor Yobe sowetaiv | and pags i
b)«mss S :

] «He.nﬁu, » He tolde
o Avecess ook Ljo'f\hair W yow Vo » Fandly, cls yow
‘ ﬁ‘icel_y Valr  Wrow Yo
wipled (b

BT wold v G adp B e seer Won he o g
wot \(dp‘m\ o 5\)\ ond bd/b\\“@ We. be o sle doestt v
At @V WL@.A Sohng \QP




WHAT YOU MIGHT StE

APPLICATION: EXPRESS THE COMPYTATION OF SALES Tax ALGEBRAICALLY & APPLY IT CORRECTLY

3. 10% | 15% | 0%
: Procedose e fmove . divide (oby | Aliph . .
caltied +1p e palf ant w'l»b{ - '{fhe student describes correct procedures for calculating
pddthat o ips.

Bxpesson [ OMX [0 - 7 [ Ok
Por e >
“Tip .7+°‘\

~ The student is unable to write algebraic expressions for
the tip on an arbitrary amountx$

o ° S0 Y ~ The student calculates the percentages correctly, but
. 8) 15% b) 16" CB IS 4)15% rounds 16.66% incorrectly to 16%.

<, 6)3‘\9\0'70 b3‘£17,,g5 QX%K.CR d}ﬁ aq, 3R e} ¢ 41,34 ~ The student calculates the after-

_ tax cost rather than the tip, but
1 Small rounding  the calculations are correct.

6.4) 45000 bYs7SO Neer error

~On dhe 4950 Ll becaoe He havwdlesse
shodld. be qin 1S %% 0f what ler il
1 S

7, 6 $ C. Yok ~ Student makes a small error in
V Xe ’ becduse shos PRS- 0 /b""(ess Hhan computing the after tax amount. Her

e om0 mﬁ\.) en adds e tax do e 200 answer indicates that she does not
; e price T whidh . dotals 3%\&3}& realize that changing the order of the

i factors does not alter the product.
Level 4

zt ] A | 5% 20 %
Racedore Sor codcdedng Py Hle daimal Mut-\-.v\y ) m“ \,,, ~ | < The student describes
fre Yip o dace ¥ e\ X0.15 - ey correct procedures for
- LB calculating tips.
| Exprreaon for e Reroax . I A2 O.J;x: : ‘T;.(-. 0:2x ~ The stltjdeint kg);ives
e Sl by stal bl A correct algebraic
e o Totol bl pux. Totel Bl X O | Tl WA x4 O expressions for
both the tip and the
‘ after-tax amount.
y ’ _ .
N W W 4, a pevcentase of W Wl guen by endh pEEu (a4 Ye « The student cglculatdes the co_rrecl:t
Ao ercentages and rounds appropriately,
e S5 Gxu;d— For 172 Butdoes not state clearly which of the

procedures yields 17%.

% Qde Mo Recimnl poit ont Fotle Tkt A D Yo W pree o Veelf

B 823 WaRe2 9P 39 A WO F s - The student applies the order of
operations correctly in computing the
tips.

6.

a §moo wistsy q & 0k tp= §62.28 — The student applies the order of operations correctly in computing

the tip and the final cost after tax and tip.
4 )JQ becose Mo derk  dees werms Ve seive epevad™ - on . This answer indicates that the student

N . FLere realizes that changing the order of the
A tiee, V= oy O ¥ o bifferent ovder factors does not alter the product.
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AcTivity 2 — TEACHER EoITION

[S’ p / ﬁ#&y ” BI1UITOYS?
Expectations Addressed

N 8-2 compare and order fractions, decimals, and integers. AcTiviTy 2 — STYDENT PAGE
N 8-5 explain numerical information in their own words

and respond to numerical information in a variety /s Pr Tty Yerayirovs?

of media.

N 8-6 demonstrate an understanding of operations with . Pele)

C
fractions. math L‘Jsbiquitous S5t centiry
. L . e :
N 8-9 add, subtract, multiply, and divide simple fractions. (as ¥ approachcmm article in @
g cOOLA TEC high
e

, _ eens tha! A rece hi
N 8-10 understand the order of operations with brackets \:nsth is becon “n oc\a;?ess o
and exponents and apply the order of operations in newspape’ (k)\b npetitors: ?&:\\ght onc
evaluating expressions that involve fractions. schoo! “a;f c |
. . e § 5
N 8-11 apply the order of operations (up to three operations) capa d for jocks: ing astatus s\lm’m o
. X ) ) . reserved is peCOMI =~ are of
in evaluating expressions that involve fractions. AT -\merestmra o getting ‘ti’-ngcasi‘\’a“
. . . . . \
N 8-19 use estimation to justify or assess the reasonableness and the "V ie Good Wi e movie contact
of calculations. glory- nh: 2 rath wizare: Stroeomseafc
. . amo : [ as : avara-
N 8-22 explain the process used and any conclusions ‘Z‘aﬂed Jod\e,\;'ofteomer ga\aX\egkt\; applying
reached in problem solving and investigations. of intelligen P?f an VesstOC o
. . . s a 1 w
N 8-23 reflect on learning experiences and evaluate ng\\re‘?m\ca\ patterns ?onofS“V assef;\s’t’t N
mathematical issues using appropriate mathematical :nds- ctor 5 ketema\
language (e.qg., in a math journal). t‘rs being re?\\ii‘ 4 possio! 0
N 8-24 solve problems that involve converting between universe < ret @enchy\’\'“
. . . . yestions: m-j\nufactu C | be
fractions, decimals, percents, unit rates, and ratios a year erfu@ = ¢ called Pl i
(e.g., that show the conversion of 1/3 to decimal Ne ha n King P 5 Wl
form) launc 4 as “the th e, theathes
. proﬂr‘;;ene uses this Ctr\uo\3 LDIQUITtOUS
Ve i Wl be
pe €00

This activity is dedicated to the investigationofSince
1t plays a pivotal role in the circumference-diameter
relationship and since students at this level require sonmeresearch the meaningsmfandubiquitous

time to digest its significance, this activity is designed tq @ in your notebook or journal write a short biographyrof
span two class periods. Prior to administering this activity, = Record some of the things you have learned about the
collect several books that deal W'nﬁncluding the first mathematical properties affrom your research. Your report

. : should address several different questions including th
two sources noted on p. 96, the video mentioned on page following:

D

69, and the&Suinness Book of World Records « What is the approximate numerical valug®f
« Is there a fraction that is equaln® If so, what is that
In Exercisd® students research some of the rich history fraction?

« Why isTtimportant in mathematics?

aSSOCiated_ V\_/ith Fhe[ enigma- In th?il‘ inveStigatior_]S- « What is a formula in whiclt appears and how is the
students will inevitably confront the idea that there is nd formula used? o
fraction that is exactly equal fo This may be their first * Why isTsaid to be ubiquitous?

encounter with the concept of irrational numbers and
(infinite) non-repeating decimal expansions. Fractional approximationhé&we been sought by most of the
advanced civilizations throughout history. Exer@@volves students in determining which of these fractions

is closest to the true valuemfThe first four terms of an infinite series that convergesaie given in Exercise

@®, and students must use their calculators to perform several operations with fractions and a square root extraction
to convert this to a decimal approximantoT his exercise involves not only operations with fractions, but also

an understanding of the order of operations. These skills are extended in E@endisee students evaluate a
compound fraction to obtain an approximationtto



A Preparatory Lesson Eglhlics AcTinry 2 — STYDENT PACE

Distribute copies of page 70 to all students. Read the newsclip
to the class and pose the questitiat is7? Elicit student _ _ _ _ -
responses and discuss their meaning. Ensure that all studenﬂs is the ratio of the circumference of a circle to its diameter.

/s Pr Tryty Ysrayiroys?

. . . Almost every civilization throughout history has attempted
understand that (orttl) is the ratio of the circumference of to find a fraction equal to the value nf It was not unti

acircle to its diameter, and thatepresents a number thatis 1794 tharwas proved to be anational number. That is, there is no
slightly greater than 3. Itis important that students understandraction equal tat However, we can find fractions that are closg to

that this ratio is the same for all circles no matter what theirin value and use them as approximationstafvhen you press the
key for Tt on your calculator, you obtain a number that has several

diameter. decimal digits. Is this only an approximationrf
Divide the students into study groups of 3 or 4. Appoint a "R | Ao Cvilztion
chair and a reporter for each group. Explain that you will be 20BC 3% Babylorians
showing a video, and they are to record in their journals as 20008¢ 2s6/81 | Egyptians

many answers as they can to the questions on page 70 as 20B.C. | 3% < <37 | Archimedes of Ancient Greece
they watch the video. Then show a video suchhasStory OAD: e/ | Chiungtih of China

of . Project Mathematicspublished by the California SOAD. | wrhzo  |Anahaadlinda
Institute of Technology (1988). (If such a video is not - goalz75 | Fibonecd o 1tdy

available, provide books with information orand suggest @ The decimal expression mfcorrect to 8 decimal places is 3.141 592 65.

that students perform searches on the Internet to answer thea) Which of the civilizations in the table above found the fraction that
questions on page 70.) was the closest approximation to the true valug?of

b)Which of the civilizations had the least accurate approximatiof® of
) ) c)Which civilization, India or Ancient Greece, had the closer
Allow students a full class to gather the information requested  approximation tar?

in Exercisefd to write a biography aftin their journals. For
students who have not completed the biographylnf the @ 1o approximate the value of the great

end of the hour, assign the completion of the biography as mathematician and scientist Isaac Newtoh] 7=
homework. used this complicated-looking expression:

The Lesson LauncHiEbRuar Use your calculator to evaluate the right side of this expression.
How many correct digits aft does this expression yield?

The day following the preparatory lesson, allow students te® A mathematician named Lambert used thig] ":3+;1D
minutes to confer with their group reporter. Then call on the ©XPression to approximate 150
reporter in each group to present the group’s answers to theUse your calculator to evaluate the right side of this expression.

: : : ow many correct digits oft does this expression
questions posed on page 70. Conduct a class discussion of;ield? Which expression, the one given here o Watch the order o

W3 gl 1 1O
& *2%0z 160 358400

the meaning ofibiquity, the significance of, its numerical Exercise®, gives the closer approximationie operations!
value, and a formula or formulas that invotud hen collect : : =
the student journals for assessment of individual work. ArEsener Toinvestigate the ubiquity af check the web
T e, site at:  http://www.joyofpi.com
i ivi i =5 ;'-' “ Add another paragraph or two to your

Paired ACtIVIty 30 minutes < i biography ofrt Include the answers to such
Distrib ies of page 71 to all students. Group the stud Fomoemmow  OUESIONS 8S:
Distribute copies of page 71 to all students. Group the students ~ £ewaearoe « How many digits oftare known today?
in pairs and ensure that each pair has a calculator. Assign » What is the greatest number of digits of
Exercise® through®. Students who finish before the others nithat have been memorized?

can should be encouraged to visit the Internet site given on Share with a partner any new information you have discovered.

page 71 or to check ti@uinness Book of Records the
index undepi, they will find information about the record number of digits of
m that have been memorized as well as some other entertaining facts.about

Closure

When the groups have completed the exercises on page 71, have members of various pairs write on the blackboard
the decimal equivalents of the fractions in Exerd®dkrough®. Then pose questions such\&ich fraction is

closest to 3.1415926..ghdWhich fraction is the worst approximation szmand why?f you have access to the
bookThe Joy oftby David Blatner (see reference p. 96), you will find a variety of interesting vignettes to read to
your class. For a five-minute excerpt, you can rEa&l Legal Value of Pon pages 104-5, that describes how the
Indiana legislature, in 1897, nearly madequal to 4y law For a longer session, with a human dimension, you

can read excerpts frofthe Chudnovsky Brothefpp. 65-71).
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Actrvity 2 — STYDENT PAGE

[9 P/ ﬁws/ ”5/00/7003?

Research the meaningsmfandubiquitous

@ In your notebook or journal write a short biographyroRecord some of the things you have
learned about the mathematical properties &bm your research. Your report should address
several different questions including the following:

* What is the approximate numerical valug®f

* Is there a fraction that is equaln® If so, what is that fraction?

* Why isttimportant in mathematics?

* What is a formula in whiclt appears and how is the formula used?
* Why isTtsaid to be ubiquitous?



Acrivirry 2 — STYDENT PAGE

A SHORT HISTORY OF FRACTIONAL APPROXIMATIONS TO L/

IS the ratio of the circumferencs
of a circle to its diameter.
Imost every civilization

throughout history has attempted to fin
a fraction equal to the value of It was 2000 B.C. 256/81 Egyptians
not until 1794 thattwas proved to be an
irrational number. That is, there is ng
fraction equal tat However, we can find 450 A.D. 355/113 Ch'ung-chih of China
fractions that are close foin value and
use them as approximationsmofWhen
you press the key faron your calculator, | 1500 ap. 864/ 275 Fibonacdi of Italy
you obtain a number that has severkl
decimal digits. Is this only an approximationr&f

Approximate Fraction Used to

Year Approximate - Civilization

2000 B.C. 3Ys Babylonians

250 B.C. 31971 < » < 3 Y7 | Archimedes of Ancient Greece

530 A.D. 3927/1250 Aryabhata of India

® The decimal expression afcorrect to 8 decimal places is 3.141 592 65.
a) Which of the civilizations in the table above found the fraction that was the
closest approximation to the true valug®f
b) Which of the civilizations had the least accurate approximatiof of
¢) Which civilization, India or Ancient Greece, had the closer approximatm® to

® To approximate the value df, the great 33 1 1 1
. . . |:| :\_s+24|]____—|:|
mgthematllman and SC.IentISt Isaac. Newton used 7 (02 ~ 160 35840
this complicated-looking expression:

Use your calculator to evaluate the right side of this expression. \watch the order
How many correct digits af does this expression yield? of operations!

1

® A mathematician named Lambert used this expression td] T=3+ 1
approximatat s

150
Use your calculator to evaluate the right side of this expression.
How many correct digits atdoes this expression yield? Which
expression, the one given here or in Exel®sgives the closer
approximation tat?

To investigate the ubiquity af, check the web site at:

IR TERNVET http://www.joyofpi.com
- - ._\,.‘.__.,_..'r._._,..\_‘__h_._
e rﬁ i T:I'*"—*_Fﬁ T R Add another paragraph or two to your biographyof
T -a-l WA A :”_‘ Include the answers to such questions as:
R --_F — a—fd_ * How many digits oftare known today?
R e I « What is the greatest number of digitsuhat

have been memorized?
Share with a partner any new information you have
discovered.

L ORA7TION



72

Grave &

Awswer Key ror Aeriviry 2

© At this point students should know tirats close @ Lambert's expression gives the first 3 terms of the

to 3. Some will know thatis about 3.14 and others infinite continued fraction formt. Its decimal

will give Ttto whatever number of decimal digits  equivalent is approximately 3.14150. This gives
they can obtain on their calculator display. four correct digits oft

The student report should indicate thais o ] ]
irrational, i.e., there is no fraction that is equal to The expression in Exerci€ yields 3.14234 and

T the expression in Exerci@® yields 3.14150, so

_ o Lambert's expression is slightly closer to the true
Many different reasons whyis important may be  \3jue ofmt

given. Probably the most commonly identified by
your students will be the fact that it appears in many INTERNET EXPLORATION
formulas and enables us to calculate the

circumferences and areas of circles. To obtain the number of digits to whighhas been

The word “ubiquitous” derives from the Latin wordcomputed, check the Internet or the most current issue
ubiqguemeaning “everywhere.” Since seems to of theGuinness Book of Recoritsthe index under

pop up everywhere in mathematics, we says' It will be a number greater than one billion.
ubiquitous.” Students may discover in their

research that appears in the study of probabilityl he current record for the greatest number of digits of
(Buffon needle experiment), in statistics (normdfthat have been memorized can also be obtained from

distribution), and in almost all branches othe Guinness Book of Records will be a number
mathematics. They may use this fact to verify thgteater than 40 000!
Ttis indeed ubiquitous.

The decimal equivalents of the fractions used to
approximatat are shown in the table below.

a) AS the table ShOWS’ Fraction Used to Decimal
the fraction 355/113 Approximate r Equivalent
offers the closes] 3Yg 3125
approximation to the 256/81 .
true value oft
3971 < <3Y7|3140< . <3143
b) The fraction 256/81 355/113 3.14159
is the least accurate p 21160
. . 3927/1250 -

approximation tat e

864/275 3.14181

c) India’s fraction
3927/1250 is closer to the true valuewhan
the fraction 22/7 used by the Ancient Greeks.

The expression used by Newton was actually an
infinite series. Only the first few terms of that series
are displayed in the given expression on page 71.
The decimal expansion of that expression is
approximately 3.14234. It is correct to three
decimal places and it yields the first three (correct)
digits of it Actually Newton used 22 terms of this
infinite series and obtained 17 correct digitgtof



The scoring guide presented below has been developed using student responses on a field test conducted il
1999. However, it is recommended that you regard it merely as a starting point in the development of your own

scoring guide that will evolve as you use this with studertie. Ontario Curriculum, Grades 1-8: Mathematics

asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial

expectations. Parents of students achieving at Level 3 in a particular grade can be confident that

their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate

other levels to Level 3 achievement.

APPLICATION

Application of the
Order of Operations
to Expressions
Involving Fractions

(exercises @ — @)

N 8-2, N 8-9, N 8-10,
N 8-11, N 8-24

Articulation of the
M eaning and
Properties of Pi

(exercises @ — @)

N 8-23, N 8-24

Scoring Guide for Activity 2

Level 1

* Significant difficulties in
comparing fractions.

* Magjor errors and/or
omissions in evauating
expressions containing
fractions.

Level 2

* Some errors in comparing
fractions.

« Several minor errors and/or
omissions in evaluating
expressions containing
fractions.

Level 3

* Almost no errors in
comparing fractions.

« A few minor errors and/or
omissions in evaluating
expressions containing
fractions.

Level 4

* No errorsin
comparing fractions.

* Almost no minor errors
and/or omissions in
evaluating expressions
containing fractions.

COMMUNICATION

* Responses to the questions
posed are seldom complete
and clear.

* Responses are inconsistent
in their use of appropriate
mathematical terminology.

* Responses to the questions
posed are often complete
and clear.

* Responses are inconsistent
in their use of appropriate
mathematical terminology.

* Responses to the
questions posed are
complete and clear.

* Responses include
appropriate mathematical
terminology.

« In addition to Level 3:
the responses contain
clear articulation of
the ideas involved and
are supported by
diagrams, formulas, or
examples.
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WHAT YOU MIGHT StE

APPLICATION OF MATHEMATICAL PROCEOYRES: EVALYATION OF EXPRESSIONS IMVOLVING FRACTIONS

Sa- GW\.AG%- chin. of chinel 18 Tha

— Correct comparison of fractions.
| closesT To pi.

bl= Eiconacc o€ \Won

\u\, hea m Lms"t ‘
clozesT,

— Incorrect comparison of fractions.

Cl= Aroamides 0f Awncient Greece had.
_Yhe closeA oL EroXIerion e 3T

— Incorrect comparison of fractions.

o — Evaluation of the expressiomn containing fractions is missing

- Evaluatlon of the expression contalnmg fractlons is missing.

@/(9 Tha cosa) & Cwo Pe, ISHARAZN o-% Chime. < Correct comparison of fractions.
1ih 4350 A.D, o

. Lb = P—hw — Correct comparison of fractions.
g;) o f% \\r\\ ﬂf (it @re,q,c,g__

~ Incorrect comparison of fractions.
—+«-Evaluation of the expression containing fractions is missing

\)

' z.a0as

-

7 — In the evaluation of the fractional approxmatlonucuhe student added the reciprocal of 7

and the reuprocal of 15 instead of taking the reciprocal of the sum of 7 and 1/15. This is an
error in applying the order of operations.

| & a'ﬁ'\e Ch(ra < udgzcr}m 7&,&\0( -f}e CLOAeA't\L(OChOh | ~ Correct comparison of fractions
8‘\&@ %(){B ete. ‘UQ (YDA;L OC—F — Correct comparison of fractions.
M|0& Qe

< Correct comparison.of fractions.

3 B, m'asézocfs o

« Evaluation of the expressioh has the first four decimal digits correct
A 6' lqa < :Fﬁ ...« The student appears to have evaluated the expression correctly and

then rounded up the third decimal digit. It is not clear what was meant
by the response "yes."



WHAT YOU MIGHT StE

COMMUYNICATION: ARTICULATION OF THE MEANING & PROPERTIES OF P/
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An appropriate numerical
approximation tatis given and
the student understands that
cannot be expressed as a
fraction. A sense of whyt is
important is evident, but no
formula is given. Also the
guestion about the ubiquity of
Ttis not addressed.

An appropriate numerical
approximation tatis given and
the student seems to understand
thatmt cannot be expressed as a
decimal number, although the
terminology is somewhat
awkward. The relationship
between the circumference and
diameter of a circle includes a
formula. The student also
explains whyrt is important.

A correct response regarding
the ubiquity ofrtis also given.

An appropriate numerical
approximation tatis given and
the student understands that
cannot be expressed as a
fraction and expresses this idea
by referring to the irrationality
of 1. The formula for the area
of a circle in terms oftand its
radius is also given. The
student also explains whyis
important. A correct response
regarding the ubiquity oft is
also given. This report contains
full sentences that respond
clearly to the questions asked.
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AcTiviry 3 — TEACHER EOITION

M ATHEMATICAL 0 1ALOGYES

Expectations Addressed

N 8-5 explain numerical information in their own words
and respond to numerical information in a variety

of media. MPIATHEMATICAL DIALOGYES
N 8-9 add, subtract, multiply, and divide simple fractiong[

@mx 3 — STyoenT PAcE

ANEH'?{-\P’AO&ZW‘C@MEASXTO CAN CONTRIBUTE $15 _AND | CAN
i . ) . HAT MEE CONT TE $9
N 8-21 ask “what if” questions; pose problems involving ;s ozpez 824, MELISEA N CONTRIBUTE §9

fractions, decimals, integers, percents, and rationab 5.

numbers; and investigate solutions.

N 8-22 explain the process used and any conclusions
reached in problem solving and investigations.

-7 3
ecant
ANY MONEY THEN 1

wiTH ME LU [ gippose | AR TS
M oni [ GET 2 cans CORRECT sF
TOMORROW CET 1 21 CANS |
HEY LOOK! | JUST WON *
A FREE CASE OF 24
SOFT DRINKS. INSTEAD
OF PAYING YOU BACK,
PLL JUST SPLIT THE
CASE BETWEEN You

N 8-23 reflect on learning experiences and evaluate ,
mathematical issues using appropriate mathematig
language (e.g., in a math journal).

This activity is based on an old Arab tale that is reto|d
in The Man Who Countegsee reference p. 96). On ;
pages 15-18 of that book, author Malba Tahan tells|of /&Q/g
a wealthy Arab, Salem Nasair, who was ambushed Td
robbed by desert nomads. Two men who happened upon .
the victim shared their bread with him: one contributed © Tata bomey
three loaves and the other contributed five loaves. Alh , owo B

. . a) What was the total cost of the pizza and soft drinks including tip
three men shared equally in the eight loaves. When a " .4 tax?
reward of eight gold pieces was to be paid to the two b) How much was contributed by Kevin? by Karen? _
contributors there was some discussion regarding how c) HOYV many cans of-soft .drln.k areto b(-e shared by‘Karer.1 and Kevin?
many coins each should receive. Should the coins B8 Sek i Ef‘;%’;m'gh“us“fy I AU RE T oy
divided in the ratio of 3:5 or 1:7? Since the answer i%’ _ o -
. . L. Explain how Kevin might justify his claim that he is entitled to 21
counterintuitive, it is an excellent problem for = s

stimulating a class discussion. ® How many cans of pop would you give to Kevin and Karen if you
had to decide how to share the 24 cans between them? Justify your

page 78 presents the same problem, revised so that it Sﬂﬁ\z?\r Use a diagram and/or a logical argument to explain your
has a contemporary context. In this formulation of the 4 _ , _

bl K d Kevi tribute in th ti f© Suppose Kevin had contributed $16 and Karen had contributed $8.
pro em_' aren an evin contribute In the ra_'q 0 a) How many of the 24 cans of pop would Karen expect to receive?
9:15 or, in lowest terms, 3:5. The reward to be divided b) How many would Kevin expect to receive? _
is 24 cans of pop rather than 8 gold pieces, but the ¢) How many cans would you give to each of them? Justify your

. e . . answer.
appropriate division in both cases is 1:7.

WHO'S RIGHT? 7?7 TALK ABOUT (T

Page 79 presents a modern version of another Arabian problem in which 35 camels are bequeathed to three sons
so that the oldest receives 1/2 of them, the second oldest 1/3 and the youngest 1/9. The sons argue because none
of these fractions yields a whole number of camels. A passing stranger contributes his camel so that there are
now 36 camels. The sons take their shares of 36, namely, 18, 12 and 4 camels, leaving one camel that is reclaimed
by the stranger who rides it off into the sunset. In the problem on page 79, students are to receive shares of 1/2,
1/3, and 1/8 of 23 CDs. As in the original Arabian problem, a stranger contributes a CD so that the students can
claim 12, 8, and 3 CDs and the stranger retrieves his CD. In both problems, the paradox arises because the
fractions do not add up to 1. The stranger merely allocates the missing portion so that all the shares become
integers.Before launching this activity, it is recommended that you review factors, multiples, and common
denominators. You may also provide sets of 24 centimetre cubes for students to use as manipulatives.



30 minutes

Cooperative Learning Activity 1
Actiiry 3 — STYOENT Puace

THIS 16 SILLY

Divide the class into groups of 3 or 4. Appoint a chair, MIATHENMATICAL DIALOGUES
YOU CAN'T TAKE

a recorder, and a reporter for each group. Distrib gy s——

copies of page 78 to all students. Display an overh o cant 1
transparency of the dialogue on page 78 and read | ANSWERED HALE 4N | sHouLD JHiED, 08 AN
speech balloons in each rectangle of the dialogue| corecy eo 1 erous eir o e Q%/ o
you display it. Then invite questions to ensure that t - OF HECDE g
students understand the dialogue. Assign each gr

the task of completing Exercis@through® on page
78. Remind the reporters in the groups that they m{x«&5%
be prepared to defend their positions — do they supg

Kevin's point of view or Karen’s?

THANKS MR. SCULLY
CD. THAT GIVES YOU 24 NOW THAT WE HAVE 24
IN ALL, 80 YOU CAN EACH CD6, Wt ALL GET OUR

Circulate around the room as the students discuss| ™« YWI}’*RE
issues. They are expected to assume that Karen, Ke
and Melissa shared the pizza equally. Usually mq
students support Karen’s claim at first. As mof , , &
dlscu_ssmn occurs, some studgnt; may beglq to consb QX (V1) /
the pizza consumed by each individual and it occursi0o, = ~eout 1. © Taisa Dorney
them that they must subtract the personal consumptions
; ; ; a) How many CDs did Kevin, Karen, and Conner win?
before_they can cal_culate the respective contrlputlon? b) What share of the CDs did each of them claim?
to Me“ssa Th|S brlngS them to an undel‘Standlng Of c) Why were they unable to receive those shares?
Kevin’s entitlement. In EXGI’Ci@, the student is guided d) What did Mr. Scully, the music teacher, do to resolve the problem?
toward a “what if?” scenario. That is, what if Karen’s @ a) Assuming each of the students received the shares they claimed,
- : . : - how many CDs did each of them receive?
?
consumption is equal to her cont‘r‘lbutlon’; Is she (?ntltled 5) [y G T e S s ieshe i (e
to any part of the reward? The “what if” scenario can c¢) Did Mr. Scully's contribution provide shares of the 23 CDs that
be carried even further by asking, “What if Karen had were different from the shares claimed by the students? If so, how

. " did the shares change?
contributed less than what she ate? 2

uG
MIGHT

HAVE
GUESSED

® Explain why Mr. Scully was able to divide the 23 CDs to everyone’s

When all the groups have completed their reports, invite satisfaction even though he did not really change the number of CDs
L . , .. to be divided.
a reporter to state and justify their group’s opinion abouf SO & v E D,
A uppose the students had won s and claimed shares of 1/2,
hO\_N t_he 2_4 cans of pop ShO_UId_ be distributed. After the and 1/6. Can you use Mr. Scully's method to share the CDs to
opinion Is expressed, invite another reporter everyone’s satisfaction? Explain why or why not.

representing an opposing view to give reasons why th@ create a problem like the one above that can be solved by Mr. Scully’s

opposing view is more reasonable. Continue to receive method. Assume that three people are to share some number of
. . . identical items and they claim shares of 1/2, 1/3, and 1/9.

reports and encourage discussion until some consensus

is reached. If no consensus is reached, read to the class pages 15 throdgie Man Who Counted still no

consensus is reached, ask the students to take page 78 home to discuss with their parents and to report on wh

their parents think.
Cooperative Learning Activity 2 30 minutes

Divide the class into groups of 3 or 4. Appoint a chair, a recorder, and a reporter for each group. Distribute copies
of page 79 to all students. Repeat the procedure followed for the cooperative learning activity above and assign
Exercised® through@® on page 79 to the groups. When all groups have completed the exercises discuss the
answers to Exercis@® and@. Then invite the reporters to present their answers to Ex@ciSeudents may

attempt to explain Mr. Scully’s procedure rather than why it works. Guide the students toward the discovery that
the fractions 1/2, 1/3 and 1/8 do not add up to 1. Ask students to determine the sum of these fractions. When they
have discovered that the sum is 23/24, explain that the teacher merely distributed the unallocated share of 1/24
among each of the students so that they each received a whole number of CDs. (Mr. Scully’s method works only
when the sum of the shares are a fraction of the fdégm+ 1) for some whole numbar)

77



78

Actrviry 3 — STUYDENT PAGE
M ATHEMATICAL pmzowfs

LET'S ORDER
PIZZA AND
SOFT DRINKS!

| DON'T HAVE ANY

HMMM, WITH TAX | CAN CONTRIBUTE $75.
AND TIP THAT COMES

TO $24, MELISSA.

...AND | CAN
CONTRIBUTE $9.

MONEY WITH ME.
'LL HAVE TO PAY || THEN | SUPPOSE |

'@ YOU BACK GET 9 CANS AND
s TOMORROW . YOu GET 15 CANS.
HEY LOOK! | JUST WON A
FREE CASE OF 24 SOFT
DRINKS.
INSTEAD OF PAYING You

BACK, I'LL JUST SPLIT THE
CASE BETWEEN YOU.

THAT'S O.K. WITH ME, KAREN,
BUT THE MATHEMATICALLY
CORRECT SHARES WOULD BE 21
CANS FOR ME AND 3 FOR YOU.

RIGHT » 77~

;% : WwWHO'S
i) TALK ABROUT (T.

® Explain how Karen might justify her claim that she is enti
of pop.

o

how to share the 24 cans between them? Justify your
and/or a logical argument to explain your thinking.

© Taisa Dorney
@ a) What was the total cost of the pizza and soft drinks including tip and tax?
b) How much was contributed by Kevin? by Karen?
c) How many cans of soft drink are to be shared by Karen and Kevin?

tled to 9 of the 24 cans

Explain how Kevin might justify his claim that he is entitled to 21 cans.
How many cans of pop would you give to Kevin and Karen if you had to decide

answer. Use a diagram

® Suppose Kevin had contributed $16 and Karen had contributed $8.
a) How many of the 24 cans of pop would Karen expect to receive?

b) How many would Kevin expect to receive?

c) How many cans would you give to each of them? Justify your answer.



Actrvity 3 — STYOENT PAGE

M ATHEMATICAL 0 1ALOGYES

KEVIN, KAREN AND CONNER WON 23 CDS IN THE THIS 16 SILLY! YOou

COOL ROCK-2300 RADIO TRIVIA QUIZ BECAUSE CANT TAKE A HALF,

THEY ANSWERED THE MOST QUESTIONS CORRECTLY. A THIRD, OR AN
EIGHTH OF 23 CDS

I ANSWERED HALF  THEN | sHOULD .AND | 6HOULD GET
THE QUESTIONS GET ONE THIRD ONE EIGHTH OF THE CD&
CORRECTLY, 80O | OF THE CDS. wa™

SHOULD GET HALF
THE CDs

HERE, YOU CAN THANKS MR. SCULLY. NOW
HQ‘VVEE QﬂgoiDélﬁﬁT THAT WE HAVE 24 CDS,
LALL, 50 YOU CAN WE ALL GET OUR OHARE. SHMMM O
EACH TAKE YOUR THERE'S ONE ©
Lo LEFT OVER-
BACH'S
ToccatA U
AND FUGUE {18
| MIGHT R

HAVE
- GUESSED.

22y

TALK ABOUT IT. © Taisa Dorney

® a) How many CDs did Kevin, Karen, and Conner win?
b) What share of the CDs did each of them claim?
c) Why were they unable to receive those shares?
d) What did the music teacher, Mr. Scully, do to resolve the problem?

@ a) Assuming each of the students received the shares they claimed, how many CDs did each of
them receive?

b) How many CDs did the students receive in total?
c) Did Mr. Scully’s contribution provide shares of the 23 CDs that were different from the shares
claimed by the students? If so, how did the shares change?

® Explain why Mr. Scully was able to divide the 23 CDs to everyone’s satisfaction even though he
did not really change the number of CDs to be divided.

® Suppose the students had won 11 CDs and claimed shares of 1/2, 1/4 and 1/6. Can you use Mr.
Scully’s method to share the CDs to everyone’s satisfaction? Explain why or why not.

@ Create a problem like the one above that can be solved by Mr. Scully’s method. Assume that three
people are to share some number of identical items and they claim shares of 1/2, 1/3, and 1/9.
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Awswer Key ror Aeriviry 3

® a) The total cost of the pizza and soft drinks ®

including tax and tip was $24.
b) Kevin contributed $15 and Karen $9.
C) 24 cans are to be shared by Karen and Kevin.

Karen might observe that she contributed 9/24 of

a) 23 CDs
b) They claimed 1/2, 1/3, and 1/8 of the CDs.

¢) They could not distribute these shares because
23 is not divisible by 2, 3, or 8.
d) Mr. Scully contributed a CD of his own.

the purchase and therefore she should receive 96461) When the 24 CDs were divided into shares of

of the 24 cans, i.e., 9 cans.

Kevin might observe that each person was to
contribute $8. Since Melissa had no money, Kevin

contributed $7 toward Melissa’s share (i.e., $15 less
his share of $8) and Karen contributed $1 toward
Melissa’s share. Therefore, Melissa owed Kevin $7
and Karen $1. If she resolved the debt by paying in
soft drinks instead of dollars, Kevin should receive

7/8 of the 24 cans or 21 cans, and Karen should
receive 3 cans.

Answers will vary. Kevin's argument may be®
regarded as the “mathematically correct” solution.
However, the reasoning and justification is more
significant than the answer given. It is more
important that each student understand the logic of
both arguments. Some students might share Karen'’s
point of view out of a sense of “fairness.” Social
norms generally lean toward equitable distribution
of rewards and profits and militate against what may
appear to be skewed distribution of gains.

As in Exercisd®, answers will vary. The logic of
Kevin's argument may be a little more evident in
this case because Karen’s contribution of $8 pays
only for her share and Kevin has lent Melissa the
entire $8 to cover her share. Therefore, if she
chooses to repay her debt in cans, Kevin should
receive all 24 cans.

a) 0cans

b) 24 cans (0}
c) At this point, more students should recognize
the logic of Kevin's argument. To those who remain
commited to Karen's point of view, ask how the
cans should be distributed if Kevin were to
contribute $17 and Karen $7, so that in effect Kevin
is owed $1 by Karen and $8 by Melissa. o

1/2, 1/3, and 1/8, the students received 12, 8, and
3 CDs respectively.

b) The students received 23 CDs in total.

c) The shares of the 23 CDs that the students
received were respectively 12/23, 8/23, and
3/23. That is, each student received a slightly
larger share than they had claimed. The student
who claimed 1/2 actually received a share of
12/23. The student who claimed 1/3 actually
received 8/23, and the student who claimed 1/8
actually received 3/23.

The original fractions claimed did not add up to 1,
so there was a share of 1/24 that had not been
allocated. That is,

12,8 3 _23
2424 24724

In mathematical terms, the teacher took the
unallocated share of 1/24 and by increasing each
of the shares claimed by a factor of 24/23, he
assigned the larger shares:

24l 24110 2410

2320 233O 2380
That s, he increased the shares to 12/23, 8/23, and
3/23. These fractions total one, and yield 12, 8,
and 3 CDs respectively. Since everyone’s share was
24/23 times larger than that claimed, everyone was
happy, including the teacher who retrieved his
Toccata and Fugue.

Yes. By adding one CD and bringing the total to
12, we can give shares of 6, 3 and 2 CDs. The extra
CD is then returned. Essentially we have reassigned
the unallocated 1/12 share by increasing each share
by a factor of 12/11 to obtain the shares 6/11,
3/11, and 2/11.

and

Merely replace the 23 CDs in the original problem
by 17 CDs.



The scoring guide presented below has been developed using student responses on a field test conducted in 199
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studefitse Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

PROBLEM SOLVING

Using Reasoning to
Resolve Paradoxes
Involving Fractions

(exercises @ — M)

N 8-21, 8-22, 8-23

Scoring Guide for Activity 3

Level 1

 Does not understand
Kevin's point of view
and/or is unable to
divide the 24 cans
according to both
viewpoints.

and

* Is unable to determine
the integral number of
CDs in each share when
the teacher's method is
applied to 11 and to 23
CDs.

Level 2

* Understands both
Karen's and Kevin's
points of view and is
able to divide the 24
cans according to each
viewpoint.

or

« |s able to determine the
integral number of CDs
in each share when the
teacher's method is
applied to 11 and to 23
CDs.

Level 3

* Understands both
Karen's and Kevin's
points of view and is
able to divide the 24
cans according to each
viewpoint.

and

« |s able to determine the
integral number of CDs
in each share when the
teacher's method is
applied to 11 and to 23
CDs.

Level 4

¢ Understands that the
entitlements of Karen
and Kevin are based on
their contributions to
the third party and not
on their total
contributions.

and

* Isableto create a
problem that can be
resolved by the method
in the cartoon. (e.g.,
using 17 CDs)

The scoring guide presented above is a “product-oriented” rubric for assessing problem-solving skills based on
the students’ written work. However, this activity involves mainly group discussions of the ideas involved and
therefore provides an excellent opportunity for observation-based assessment of students’ problem-solving skills.
To perform such an assessment you may wish to create your own “process-oriented” scoring guide. To help you
get started, we have included an example of such a scoring guide for problem solving on page 89. However, as
we have noted in the preambles to our previous scoring guides, it is recommended that you regard this merely as
a starting point in the development of your own rubric that will evolve as you use it with students.
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WHAT YOU MIGHT StE

PROBLEM SOLVING: USES REASONING TO RESOLVE PARADOXES INVOLVING FRACTIONS

© a) What was the total cost of the pizza and soft drinks including tip and tax})'l‘\{
b) How much was contributed by Kevin? by Karen? }§ 9
¢) How many cans of soft drink are to be shared by Karen and Kevin? |§,ﬁ
@ Explain how Karen might justify her claim that she is entitled to 9 of the 24 cans
ofpop. Phe w o ey
@ Explain how Kevin might justify his claim that be is entitled to 21 of the 24 cans
of pop. HQ b Awd Y,M , < The student does not understand Kevin's point of view.
© How many cans of pog would yoll give to K&vin and Karen if you had to decide _
how to share the 24 cans between them? Justify your answer. Use a diagram & — The student gives only one number
and/or a logical argument to explain your thinking. and provides no explanation.
@® Suppose Kevin had contributed $16 and Karen had contributed $8.
a) How many of the 24 cans of pop would Karen expect to receive? 5

b) How many of the 24 cans of pop would Kevin expect to receive? /6 — The student has not understand Kevin's reasoning.

¢) How many of the 24 cans would you give to each of them? Justify your answer.

® a) How many CDs did Kevin, Karen, and Conner win? 23 . 2
b) What share of the CDs did each of them claim? g v~ 12, Kaven$ (onntv-
¢) Why were they unable to receive those shares? pecause 2% ‘5 4» © dad nombty
d) What did the music teacher do to resolve the problem? Hy gawve | cd-

@ a) Assuming each of the students received the shares they claimed, how many CDs did each of
themreceive? 12 ¢,% ~ The correct number of CDs in each share is given.
b) How many CDs did the students receive in total? ) %
¢) Did the teacher’s contribution provide shares of the 23 CDs thatwere different from the shares
cﬁ by the students? If so, how did the shares change? HE was Kwau We  would,

© Expi Qﬁy tgé‘tscaclféxpwas‘igl%%d divide the 23 CDs to everyone’s satisfaction even though he
did not really change the number of CDs to be divided.

© Suppose the students had won 11 CDs and claimed shares of 1/2, 1/4 and 1/6. Can you use the  — The correct number of CDs

teacher’s method to sl§r= the CD’s to everyone’s satisfaction? ESJ;Sam why or why not. Ne, One. in each share is not given

%0 yeo Ve because the student seems
O cibitea plv'\oble\gﬁl‘é\ eogﬁﬁgcw;\e that ca‘n%;\golel\ed by%h teactir®s method. Assume that three not to have understood the

people are to share some number of identical items and they claim shares of 1/2, 1/6, and 2/9. question.

The student has understood Level 2

both Kevin and Karen's

points of view. © ) What was the total cost of the pizza and soft drinks including tip and tax? 2§
W b) How much was contributed by Kevi 2by9Kamn?

\D%@ ¢) How many cans of soft drink are to 1 shared by Karen and Kevin? LA

W”/\ ’ : H 3 3 i i i f the 24 cans

&% Explain how Karen might justify | r claim that she is entitled to 9 o

Wl Y of pop. \@V\Mdv{{l& 2%

v ® Explain how Kevin migl justifyhisclaimthatheisenﬁtledtoZlofthez«tcansx
of pop. W, 0350 7 dollac, edg wn 3 yAanedyeEd oty .
kOC‘ . i e éwq txcans . — e carrect division of cans according
A ANE o Howmanycansof% ouﬁyonngetol?evm, andKarenlfyouhadto'decnde to each viewpoint.
\(\]\5") 5 how to share the 24 cans between them? Justify your answer. Use a diagram

and/or a logical argument to explain your thinking. ¥ wWo Al *%* 0 cabL)

ALY v
\1\;\/3 \ © Suppose Kevin had contributed $16 andKarcnhadconeﬁ%éme\édsg do.,\‘u(‘wa o wall
.a) How many of the 24 cans of pop would Karen expect to receive?  vor- &5 85U &
b) How many of the 24 cans of pop would Kevin expect to receive? KO/"(I; ‘T Loulukion
) How many of the 24 cans would yoy give to each of them? Justify your answer. A
2 v KR O GO Tlet X W&”““e(‘& The student shows a
% y USRS, ~ TOOWY (W MN&\/L\A\QJ(V ﬁolitical wisdom beyond
er years.

In Exercise® —@, the student was unable to demonstrate an u.nderstanding of the teacher's method
of resolving the paradox and therefore was unable to determine the number of CDs in each share
when applied to 11CDs. Therefore these responses were assessed at Level 2 rather than Level 3.



WHAT YOU MIGHT StE

PRrOBLEM SOLVING: UYSES REASONING TO RESOLVE PARADOXES INVOLVING FRACTIONS
1.
B Lo \etel @ was § 2doo

S o Ve owtvhded BLC % Ko, codvisder 375 % KIS, § 9
4 24 cang

LW Bl o e § Zhgd L Yeee e 2UH cans L S Wapen o The student has understood Karen's
c/?q‘(’ﬁ‘o\)l-u) 49 ot PN, 50 Sle gus G 2 cobs. \Leui point of view.
Lovdvibule s ;S\'§ off & B, w0 Ve ges (G of 2H coms,

3. Ve coufed  Wou v e snd Meven  contiibvked  fo « The student has understood Kevin's

N ot g ~ point of view.
w Woweld b WU Vevd A\ wanked W ol he predsc. L wodd

! ~ The student has gone beyond
cdcdate N o o <o ong M (OW'} o veud expectations and soughf to
g woulde e;\m\ £\ owd 8F determine value of 24 cans of pop

and then distribute that against the
debt in the 7:1 ratio.

o
o Woren  W3e0\®  copeck L Vtoee §9

o Mt waldeveed do vedue el & e oo — Both points of view are understood and
3 Tl gue o of e s to e Recose Yo pad 58 4~ thereisana propriate division of the 24
e Mo g : cans using Kevin's reasoning.

[

("3 d\\[{\\j Won 1% D5

§ Yo Adimea AP Kover, cloimed o id  avd Caver clomed et
S Lewrs, 22 vk AL oy smMhg except Vel and |

y Ve wogle Yeches  gave Meme A wore D b wale W 2W s
slda Y dedeBe by 2.2 ang €

+

\ ; O s — The correct number of CDs in
oy Keim got 12, ’("“f“\ % \& _:f orar o 3 each share is given for the
o e Soduds veede 2w Mol distribution of the 23 CDs.

o Yo ares did  dmangl ba oy g € ‘(39 ] Ae(\m\
5y W, - ! . o . — The student astutely observes that the
nanber. OWerises Ve Sy ldit eve cgvaad o o shares changed “by a decimal number.”
’ That is, the teacher's method assigns the
deosion eecowse g Coamnotr cpli- oo P hedr unallocated 1/24 so that each share of the
23 CDs is an integer.

%, H—Q AMCD\ Ore. wort o W Yoo vimlorn of p's  can.
be daable by dl e abus e dudets wanted

g. Meg, g0 con AXd e wore wm o Wele W12 iy o The student has recognized that

5. dadsible oy W, 2 cnd b adding 1 to 11 yields a number that
is divisible by 2, 4, and 6 and can
be distributed in integral shares.

10.
W‘”Jr»\ﬁd\‘“ odd  lower (wen 452 Al o Aviie qi The student has discovered that 54
wesh . Wovtn ongaersd 7% of ke atestomg gn e, daunes is d3/|sk|]blef by 2, 6, and 9 andbk|1as
o WAF of Yo XT3, ek Ned ovmeateed & of Ne o queghivg used this fact to create a problem
o Ve duncd YE of Mo 853 (dbvy Wi cveoxsed s A tmhghchg.be resolved by Mr. Scully’s

e auedsiy, 0 Ve dadmed %o of He & 02 e wabh Yende—
3 pt b sdue N peble (
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AcTiviTy 4 — TEACHER EDITION
Wiar Fracrion or tue Muomeers m Pascat's Triaweie Are Even?

Expectations Addressed
Actrviry 4 — STYDENT PAacE

N 8-5  explain numerical information in their own | WHAT FRACTION OF THE NUMBERS IN PASCAL'S TRIANGLE ARE EVEN?

words and respond to numerical information in
a variety of media.

IN THE FIRST 10 ROWS, | FOUND THAT
40% OF THE NUMBERS WERE EVEN, 80 |
%H\NK TS CLOSE TO 4 TENTHS

N 8-6 demonstrate an understanding of operations with
fractions.

IF TWO NUMBERS ARE THE SAME
/ PARITY, THEIR 8UM 18 EVEN. IF THEY
“~ ARE DIFFERENT PARITY, THEIR SUM

16 ODD. THEREFORE BOTH TYPES OF

NUMBERS ARE EQUALLY LIKELY, 80
ABOUT HALF ARE EVEN

N 8-8 express repeated multiplication as powers.

N 8-9 add, subtract, multiply, and divide simple
fractions.

N 8-10 understand the order of operations with bracket
and exponents and apply the order of operation ML T e aone T epts of 00 of

in evaluating expressions that involve fractions PASCAL'S TRIANGLE ARE ODD, 50 THERE gn?j Y
%

CAN NEVER BE MORE THAN ABOUT 9
© Taisa Dorney

v

7
3

TENTHS OF THE NUMBERS EVEN

N 8-11 apply the order of operations (up to three
operations) in evaluating expressions that involvg

fractions. / '

N 8-22  explain the process used and any conclusio Fill in the missing numbers i

reached in problem solving and investigations. pascal's triangle. Shade th
hexagons containing eve

® Which of the three opinions
expressed above do you
believe would be closest to

the truth if we considered
the first 256 rows of
Pascal’s triangle? Give

reasons for your
answer.

N 8-23  reflect on learning experiences and evaluate

mathematical language (e.g., in a math journal). thatis shaded. Express i
lowest terms.

P&A 8-4 use the concept of variable to write equation% )
. . Describe any patter
and algebraic expressions. you see in the
locations of the

numbers.

In this activity, students revisit Pascal’s triangle (see
the modulePatterning & Algebra They complete the

first 16 rows of Pascal’s triangle and record the fraction
of numbers that are even. On that basis, they are asked
to conjecture what fraction of the numbers in the first
256 rows of Pascal’s triangle are even. Three possible 0
fractions, 4/10, 1/2, and 9/10 are proposed and t 0‘
students are asked to choose which of these they beIi

to be closest to the true fraction.

On page 87, the students explore the procedure for generatfBigthmski triangle- a famous example of the
recently-discovered mathematical sets called@tals (Students will not need to know anything about fractals

to complete the exercises.) In Exerci@shrough®, students calculate the fraction of a triangle that remains

each time one-quarter of it is removed. In Exer@sehey write an algebraic expression for the fraction that
remains when this process is repeateunes. As the procedure is repeated a large number of times, students
observe that the remaining area approaches zero. In the sectioReislealich Reporstudents shade in the

Pascal Parity Game Templafgee p. 92) the cells in Pascal’s triangle that would contain even numbers using the
fact that two numbers of the same parity (i.e. both even or both odd) have an even sum. As they apply this rule to
shading the cells in the template, students are engaged in an exciting new topic in mathematics (invented by John
von Neumann) calledellular automataBy comparing the pattern of shaded cells to the shaded parts of the
Sierpinski triangle, students are guided to the conjecture that as the number of rows of Pascal’s triangle increases,
the proportion of even numbers approaches (but never reaches) 100%.

Remember:
Each number in Pascal’s

triangle is the sum of the two

numbers directly above it. @

-~




The Lesson Launchayiis 2eTInTy 4 — STYDENT [PAGE

Display on the overhead projector a copy of Pascal’s
triangle as shown on page 86. Review with students thelWHAT FRACTION OF THE NUMBERS IN PASCAL'S TRIANGLE ARE EVEN?
procedure for generating the numbers in Pascal’s triangle,
by forming two diagonal lines of 1's and then writing in
any cell the sum of the two numbers directly above it. Hav ) - ot .y

dent to the overhead bproiector and fill in the triangle are joined to divide the original triangle
a studen _Come ] proj into four smaller congruent triangles. The
numbers in the next row. Invite another student to shade  shaded triangle is then removed.

the even numbers in Pascal’s triangle. a) How many (white) congruent triangles
remain?

Then ask studentsWhat percentage of the numbers are b) What fraction of the original triangle
even: in the first 4 rows? in the first 8 rows? in the first 12 remains?

rows? eThe procedure above is then repeated, dividing
o o each of the remaining triangles into four smaller
Individual Activity 20 minutes triangles and removing the shaded triangles.
a) How many (white) congruent triangles remai
b) What fraction of the original triangle remai

pattern callecSierpinski's gaskes created as follows:

Q The midpoint of the sides of an equilateral

Distribute copies of page 86 to all students. Read the
conjectures of the three students shown on that pa Again, the procedure above is repeated, and the
regarding the fraction of numbers in Pascal’s triangle that — shaded triangles are removed. _
are even. Ask students which conjecture they believe is @ Howmany (white) congruent triangles remain?

. b) What fraction of the original triangle remains?
closest to the truth. Encourage students to give reasons for

their conjectures. Then ask them to fill in the empty cells@

in Pascal’s triangle on page 86 and use it to complete
Exercisedd —® on that page. Suppose the procedure above were repeated one more time. Write an
expression for the fraction of the original triangle that would remain.

As you circulate around the room, check that students are Write an expression for the fraction of the original triangle that would
recording a number close to 2/5 as the fraction of even  emainif the procedure were repeatetimes.
from your teacher. Follow the

numbers in their shaded triangles.
RESEARCH REPORT
Paired ACtIVIty 30 minutes instructions on your template. Usg
your completed template to write a report that answers the ques|

Distribute copies of page 87 to all students. Group the | what fraction of the numbers in Pascals triangle are evanfide
students into pairs. Assign Exercis@—@ on that page. these elements in your report:
Before the students begin work, explain that they should | * ;huemp;‘;zms you obtained when you shaded the even
th[nk of the shaded areas as parts that are cqt_out of the the number of hexagons that were shaded
original triangle. Explain also that on each repetition of the the total number of hexagons
procedure, 1/4 of each remaining (white) triangle in the the fraction of the area that was shaded
diagram is removed. Exerci@ is marked as a challenge how the fraction of even numbers changed as the numbe

. . . of rows increased
because it requires Stqd?nts to g.enerallze th? procedure an& your evaluations of the opinions expressed on the other gage
to represent the remaining fraction of the original triangle

" - . S
after then repet_ltlon as an algebraic expressmn_,lne.., e If you have a graphing calculator, get progi@AdSCAL from your
(3/4). As you circulate around the classroom, it will be teacher. RUPASCAL to determine the percentage of even numbers
necessary to help some students discover that each time in the first:
the procedure is applied, the area remaining is 3/4 the area @) 16rows o)} 2 B B s

. of Pascal's triangle.

before the procedure was applied. When all students have
finished, discuss the answers to these exercises. Then
distribute thePascal Parity Gaméemplate to all students

(see p. 92) and assign tResearch Reposctivity.

Collect the student reports. Then display on the overhead projector a transparency showing the completed Pascal Parity
Game template shown on page 93. Discuss how this pattern resembles the Sierpinski triangle. Ask students what this
suggests about the fraction of cells in Pascal’s triangle that are shaded. Through questioning, guide students tadthe realizati
that as the number of rows of Pascal’s triangle increases, the proportion of even numbers approaches 100%. If you have a
TI-83 graphing calculator, input the program given on page 93 and display the shaded Pascal’s triangle for various hnumbers
of rows. If students have access to these graphing calculators, use the link connector to transfer this program and assign
Exercise®.

Get thePascal Parity Gam&empl@

on
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AcTrviTy 4 — STYDENT PAGE
WHAT FRACTION OF THE NUMBERS IN PASCAL'S TRIANGLE ARE EVEN?

IN THE FIRST 710 ROWS, | FOUND
THAT 40% OF THE NUMBERS

WERE EVEN, 8O | THINK (T'6

CLOSE TO 4 TENTHS.

IF TwWO NUMBERS ARE THE SAME
PARITY, THEIR SUM (& EVEN. IF
THEY ARE DIFFERENT PARITY, THEIR
SUM |15 ODD. THEREFORE BOTH
TYPES OF NUMBERS ARE EQUALLY
LIKELY, 80 ABOUT HALF ARE EVEN.

Remember:
ALL THE 7' ALONG THE

Each number in

Pascal’s triangle is ee SIDES OF PASCAL’S

sum of the two numbers @ TRIANGLE ARE ODD, 5O

SITEELY oo THERE CAN NEVER BE MORE
THAN ABOUT 2 TENTHS OF

THE NUMBERS EVEN.

_©4aida Dorf

@ Fill in the missing numbers in Pascal’s triangle.
Shade the hexagons containing even numbers.
Calculate the fraction of Pascal’s triangle that is

shaded. Express in lowest terms.

® Describe any pattern you see in the locations
of the even and odd numbers.

® Which of the three opinions expressed
above do you believe would be closest
to the truth if we considered the first
256 rows of Pascal’s triangle? Give
reasons for your answer.



Activrry 4 — STYDENT PAGE

WHAT FRACTION OF THE NYMBERS IN PASCAL'S TRIANGLE ARE EVEN?
A pattern calledierpinski's gaskes created as follows:

The midpoint of the sides of an equilateral triangle are
joined to divide the original triangle into four smaller
congruent triangles. The shaded triangle is then removed.
a) How many (white) congruent triangles remain?

b) What fraction of the original triangle remains?

6 The procedure above is then repeated, dividing each of
the remaining triangles into four smaller triangles and
removing the shaded triangles.

a) How many (white) congruent triangles remain?
b) What fraction of the original triangle remains?

6 Again, the procedure above is repeated, and the shaded
triangles are removed.
a) How many (white) congruent triangles remain?
b) What fraction of the original triangle remains?

a Suppose the procedure above were repeated one more {j
Write an expression for the fraction of the original triangle
that would remain. Write an expression for the fraction of

the original triangle that would remain if the procedure were
repeated times.

Get thePascal Parity Gamé&mplate from your teache}
Follow the instructions on your template. Use yoyr
completed template to write a report that answers the quesgion
What fraction of the numbers in Pascal’s triangle are evanlide these elements in
your report:
* the patterns you obtained when you shaded the even numbers
« the number of hexagons that were shaded
« the total number of hexagons
« the fraction of the area that was shaded
« how the fraction of even numbers changed as the number of rows increasgd
\ « your evaluations of the opinions expressed on the other page /

If you have a graphing calculator, get progf@8CAL from your teacher. RUPASCAL
to determine the percentage of even numbers in the first:

a) 16 rows b) 32 rows c) 64 rows
of Pascal's triangle.
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Grave &

Awswer Key ror Aeriviry 4

@ The first 16 rows of Pascal’s triangle are show@® 81 white triangles would remain. Each triangle

below. The cells containing even numbers are would be 1/256 of the original triangle, so the
coloured. fraction of the original triangle that would remain

is (3/4Y or 81/256. Each time the process is
repeated, the number of triangles remaining is
tripled but the areas of these triangles is one quarter
their previous size. Therefore their total area is 3/4
the area prior to the application of the procedure.
After n applications of the procedure, the area
remaining is (3/4)times the area of the original
triangle. Clearly as becomes arbitrarily large, the
unshaded area approaches 0. The shaded area
approaches the area of the original triangle.

The set defined by this process is known as the
Sierpinski gasketr Sierpinski triangle

Using progranPASCAL, we obtain these results.

a) The number of even numbers in the first 16 rows
of Pascal’s triangle is 55. This checks with our
answer in Exercis®. This corresponds to about
40.4% of all the numbers.

There are 55 coloured cells out of 136 cells, so the b) Proceeding as i® a, we obtain 285 even
fraction of cells that are coloured is 55/%38.404. numbers in the first 32 rows of Pascal’s triangle.
This corresponds to almost 54% of all the numbers.

We see from the diagram above that the even c) Proceeding as i® a and b, we obtain 1351
numbers form a large equilateral triangle at the even numbers in the first 64 rows of Pascal’s
centre of Pascal’s triangle together with 3 small triangle. This is about 65% of all the numbers.
equilateral triangles near the corners of Pascal’s
triangle. Furthermore, every other cell along the
internal border (inside the 1's) is an even number.

o _ _ The pattern that should result from shading is shown
At this point, most students will agree with one Qf, page 93. There are a total of 285 shaded cells out of
the first two students on page 86, although the evepg cells, so 285/528 or 53.9% of the numbers in the

100% of all the numbers in Pascal’s triangle. There

are 26 335 even numbers out of 32 896 numberddeneral, the number of even numbers in Pascal’s
the first 256 rows of Pascal's triangle (slightly mot&angle, up to and including row'2s given by:
than 80%), so the 9 tenths estimate is closest. (21— 1)e2 2+ (22— 1)e2 33 + (23— 1)e2 43

a) 3 white triangles remain. + o (B=1)e2e3-3+ 32
b) 3/4 ofthe original triangle (by area) remalnS'Substitutingn = 5 and 6 yields 285 and 1351 even

a) 9 white triangles remain. ~ numbers as indicated @ above. This formula can be
b) (3/4F or 9/16 of the original triangle remainsysed to show that the proportion of even numbers in
a) 27 white triangles remain. the first 2 rows of Pascal’s triangle approaches 100%

b) (3/4} or 27/64 of the original triangle remainsasn increases.



A “PROCESS-QORIENTED” SCORING GUIDE

The scoring guide presented below is a “process-oriented” scoring guide to be used to assess problem solving
skills as the students work through Activity 4. By contrast, the scoring guides in the previous activities are
“product-oriented” and are intended for use in the assessment of completed student work. The reason for including
a process-oriented scoring guide in this unit is to remind you that assessment should include more than the
evaluation of a “written product” and ought to include your informal observations of students as they work alone
or in groups. Informal conversations with students about the concepts involved in an activity can often elicit
greater insights into the student’s thinking processes than what is recorded on a page.

However, as we have noted in the preambles to our previous scoring guides, it is recommended that you regard
this merely as a starting point in the development of your own scoring guide that will evolve as you use it with

students.

PROBLEM SOLVING

Discover a Pattern
& Generalizeto
Test a Conjecture.

N 8-23, P&A 8-4

Scoring Guide for Activity 4

Level 1

» Does not understand
the question, "What
fraction of the numbers
in Pascal's triangle are
even?'

» Needs assistance in
identifying the cells to
be shaded in Pascal's
triangle.

* Has significant
difficulty writing
fractions for the areas
in the generation of the
Sierpinski gasket.

e Unableto see a
relationship between the
shaded triangles in the
Sierpinski gasket and
the even numbersin
Pascal's triangle.

Level 2

¢ Understands the
question, "What
fraction of the numbers
in Pascal's triangle are
even?'

« Is able to identify the
cells to be shaded in
Pascal's triangle.

* Makes one or two
errors in writing
fractions for the areas
in the generation of the
Sierpinski gasket.

» Understands that the
shaded triangles in the
Sierpinski gasket have
a similar pattern to the
even numbersin
Pascal's triangle.

Level 3

» Understands the
question, "What
fraction of the numbers
in Pascal's triangle are
even?'

Is able to identify the
cells to be shaded in
Pascal's triangle.

Makes no errorsin
writing fractions for the
areas in the first three
stages in the generation
of the Sierpinski gasket.

Understands that the
shaded triangles in the
Sierpinski gasket have
a similar pattern to the
even numbersin
Pascal's triangle.

Understands that the
percentage of even
numbers in Pascal's
triangle "tends to"
increase as the number
of rows increases.

Level 4
In addition to Level 3:

* Isable to write an
expression for the
fraction of the original
triangle remaining in
the n stage of the
generation of the
Sierpinski gasket.

States which of the
conjectures presented
on page 86 is most
reasonable and supports
this statement with
reference to the
increasing percentages
of even numbersin
Pascal's triangle as the
number of rowsis
increased.
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WHAT YOU MIGHT StE

PRrROBLEM SOLVING: DISCOVER A PATTERN AND GENERALIZE TO TEST A CONJECTYRE

Samples of the Written Work
Sample 1

scals Toange.

Y d oY
[N Yy 7N
‘AN WAL — This work shows that the student was able to obtain the correct
éa} a1 b) */;L‘D* numerators, but the denominators are incorrect. A brief interview
Ty T would clarify whether the student was making a simple counting
A | D - error or whether the process was fundamentally flawed.
Sample 2
B @_2_,;7 Q,M,,_gr_wi,pe*jf[:“‘ 7 < The pattérrn identified by this student is that the numbers in the second

7 "diagonal line increase by 1 as you travel downward.

131}& a?'““"’ ;'tl';é ls o 7‘[6 Csdes  of

|she fascal _ oecownst <t ko twwe. . The student agrees with Kevin's conjecture,
_because Kevin has indicated that 1's fall along
the outside lines of Pascal’s triangle. It would
- es o peinformative to question the student further.

lpr B @y Gz

14 2 WA L) 1Thestudent has writte instead.of (3/4) The student might be on the
___ righttrack.

~ The completed template shows that the student
is able to add correctly and is usually able to
distinguish between even and odd numbers,
although he missed shading a few even numbers.
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WHAT YOU MIGHT StE

PRrROBLEM SOLVING: DISCOVER A PATTERN AND GENERALIZE TO TEST A CONJECTYRE

Samples of the Written Work
Sample 4

WHAT FRACTION OF THE NUMBERS IN PASCAL'S TRIANGLE ARE EVEN?

A pattern called Sierpinski’s gasket, is created as follows:

@ The midpoint of the sides of an equilateral triangle are
joined to divide the original triangle into four smaller
congruent triangles. The shaded triangle is then removed.
a) How many (white) congruent triangles remain? >
b) What fraction of the original triangle remains? %

6 The procedure above is then repeated, dividing each of
the remaining triangles into four smaller triangles and
removing the shaded triangles. )
) How many (white) congruent triangles remain?4 g T
b) What fraction of the original triangle mmains%

6 Again, the procedure above is repeated, and the shaded
triangles are removed.
a) How many (white) congruent triangles remain? ¢3 q
b) What fraction of the original triangle remains?%/'*:f X116 ¢
‘6

W 6 Suppose the procedure above were repeated one more time. AN VYN D
Write an expression for the fraction of the original triangle . B .
th:: wouldxﬁ._m:nnwém an expr;sm forrf:nﬁacmngif + This work shows that the student was able to obtain the
e Ania 0o twomdmm,fthepmdmwm correct fractions for the first four stages of the
= ey . . . .
7)\ e( ‘b - development of the Sierpinski gasket. The comment in
Condutn ,»,ég& . Exercise@ indicates that the student was unfamiliar
3 A with the algebraic notation for the general case. This
would be an excellent occasion to explain its meaning

Sample 5 and see whether the student could develop the expression
(3/4) and then deduce its valueragets large.
T what Fraction of dhe nudhec of R:éca\& Tnzm;k are
At ¥y | even 1 _

P ™
J& mmmucs _in kriang)

L&wmas_\arﬁ_a;ﬂs_w

. L,Am*( R .

Ack s @ﬂ) gkfl&\j&q eraln I

b
. & uhntf,k , L
, b) q/ua, o

ki og 27 Jmemq\cs Ce.mhin . .
- 7772 ; :

r3 @) ég/ggg mu(\[tptg a\mou*’ Og hie fox/
and\ e whele 'tuw]w_ )gy H.

IR ‘n\:',—‘—,—%\x.ﬂ i Becwise the  fladioe 1S ﬂ(w’l S
2 _ ... % This student was abl€ to obtain the correct fractions for the first four

x4 ! stages of the development of the Sierpinski gasket. Furthermore, the
o ~__ student has discovered that the fraction remaining at each stage is 3/4

@ ‘&\"*Qo\l""e‘:\ o the fraction remaining in the previous stage. A brief interview would
reveal whether the student is able to make a conjecture about the

fraction of numbers that are even.
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TEMPLATE

THE Pascal ParRITy GAmE

In Activity 4, you completed the first 16 rows of Pascal’s triangle and then shaded
those hexagons containing even numbers. In this activity, you will shade the
even numbers in the first 32 rows of Pascal’s triangfleout any computatidn

Each number in Pascal’s triangle is the sum of the two numbers immedig*e]
above it. To determine whether the missing number in the diagram on ‘e ge
is even or odd, we could just add 7 + 21 to obtain 28. Alternatively, you co ‘ G

O

observe that 7 and 21 are odd so their sum is even. We show this by writing
hexagons (cells) containing odd numbers and E in cells containing even numbers.

Write O (for odd) or E (for even) in each empty cel e ge ee
Instead of writing O or E in each cell, we can save ‘ ‘ ‘

time by shading the cells containing even numbe

rs
and leaving blank the cells containing odd number
Shade or leave blank the bottom cell in each diagra
to indicate whether the number in it is odd or even.

Shade the cells that contain even numbers in
the first 32 rows of Pascal’s triangle. The firs
nine rows have been completed for you.

| JUST FOLLOW THIS SIMPLE RULE:

IF THE TWO CELLS ABOVE A GIVEN

CELL ARE THE SAME COLOR, THEN |

SHADE (T, OTHERWISE | LEAVE IT
BLANK.

AN EVEN AND AN ODD INTEGER ARE
SAID TO HAVE DIFFERENT PARITY.
HOWEVER IF BOTH NUMBERS ARE
EVEN, OR BOTH ARE ODD, THEY HAVE
THE SAME PARITY. | AM THE EXPERT
ON ALL PARROTY MATTERS!



ANSWERS TO THE PASCAL PARITY GAME

The diagram shows the completed Pascal Parity Gaffrsram: FRSLAL
There are 32 rows containing 528 cells. Of these, 285 ¢

are shaded so the fraction of even numbers in the firs 3
rows of Pascal's triangle is 285/528 or about 54%. O

graphing calculator such as a TI-83,

than 32 rows by using prograPASCAL shown here.

you can display m

D

1rDraw
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Pl St s
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y1EE
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wmjtmn T 58 a5 26 w5 28 68 AR

TEACHER MOTE:

To run PASCAL input the
number of rows, N, and wait
for the pause cursor. Then
press th&NTER key to get
the number of even
numbers. Pres€NTER
again to get the percentage
of even numbers.

The displays below show
the results obtained for
N = 16, 32, and 64. The
program PASCAL will

display an error message
when values of N larger
than 64 are input because
this is the number of rows
on the screen of the TI-83 .

The displays show that
"complete” pictures of the
"Sierpinski triangle" are
displayed when N is a
power of 2, that is, when
N = 2 for some value ofi.

We observe that the percentage
even numbers in Pascal’s triangl
increases from 40% to 54% and t

65% as the number of rows increasq:
from 16 to 32 and to 64 respectivel

The table on the right shows that in

the first 128 rows of Pascal's triangld Eer

[i.e., N =2forn= 7] there are 6069
even numbers [u(7) = 6069] out of

8256 numbers [v(7) = 8256], so the

percentage of even numbers is aboy
74%. The first 256 rows contain
26 335 even numbers out of 32 894
numbers, so the percent of eve
numbers is about 80%.

If we define w() to be the fraction
of even numbers in the first Bows

16 Ji' N =32 Jir N =64 Jir
. .
: 732 6
Number of even numbers 55 Number of even numbers ZE5 umber of even numbers { 351
FERCEWT OF EWEH.. FERCEHT 0OF EWEHM.. FERCEWNT OF EWEH..
468, 44117647 S3.977FETEYS &g, 95192308
Dore Oone Oone
o WGl Wi
E i
ﬁ ES g an e e oam :.: -
|y |H f
Fraction of Even
Fommm| 55575 | S285s : :
30 ﬁéé?;i E}.EE{-’. Nl:mbers in the FIFS,t
ﬂ %EEEE : EEE 2 Row_s of Pascal’s
iz i %EEE EEE 2:_-: Triangle.
femmm| 5350 | £37ER =
— Y=90542230

of Pascal’s triangle, then the graph

w(n) vs.nin the display on the right shows thanyvépproaches 1 or 100%
asnincreases. By tracing along the graph we see that in the?firgt2 of
Pascal’s triangle, the percentage of even numbers exceeds 99.6%.

THIS 1S FOR YOUR
INFORMATION ONLY,
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TEMPLATE

Record of Student Achievement on the Grade 7 Unit

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving Problem Solving — | Problem Solving
Concepts — | Concepts
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving Problem Solving — | Problem Solving
Concepts — | Concepts
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving Problem Solving — | Problem Solving
Concepts — | Concepts
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving Problem Solving — | Problem Solving
Concepts — | Concepts
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving Problem Solving — | Problem Solving
Concepts — | Concepts
Communication — | Communication




TEMPLATE

Record of Student Achievement on the Grade 8 Unit

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores

Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving — | Problem Solving
Application Application — | Application
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores

Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving — | Problem Solving
Application Application — | Application
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores

Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving — | Problem Solving
Application Application — | Application
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores

Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving — | Problem Solving
Application Application — | Application
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores

Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Topic Level
Problem Solving Problem Solving — | Problem Solving
Application Application — | Application
Communication — | Communication
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Thee 5oftwaw foz Ontario Schools |

The Ministry of Education and Training of Ontario purchases site licences of software for all

publically funded schools in the province. This software can be obtained from the Ontario
Educational Software Service (OESS) representative in your school district. To determine
what is available, access this web sitettp://www.tvo.org/osapac




